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The paper discusses problems concerning the influence of permanent 
magnet material characteristics on the low-speed permanent magnet generator 
losses and output characteristics. The variability of the magnet material and its 
effect on the output parameters of the machine has been quantified. The cha-
racteristics of six different grades of neodymium permanent magnets have been 
measured and compared to the supplier specification data. The simulations of the 
generator have been carried out using transient finite element analysis. The re-
sults show that magnet materials from different suppliers have different charac-
teristics, which have a significant influence on the generator output parameters, 
such as efficiency and power factor.

Keywords: characteristics variability, permanent magnet, synchronous 
generator.

1. INTRODUCTION

There are several types of generators that can be used for small wind tur-
bines [1]. One of them is the low-speed permanent magnet synchronous genera-
tor (PMSG), which is gaining more popularity due to its several advantages. It can 
be used in wind turbine without gearbox resulting in higher reliability and lower 
maintenance requirements. The PMSG also offers high efficiency and good power 
density.

There are several types of permanent magnets (PM) that can be used in ge-
nerator: Alnico, SmCo, NdFeB, ferrites [2]. In this study, neodymium magnets are 
investigated, as they offer relatively high-energy product and have high coercivity. 

The SPMG electrical output parameters are strongly influenced by the PM 
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characteristics. The variability in PM characteristics can be the result of different as-
pects, such as wrong usage, demagnetization, wrong manufacturing process, wrong 
assembly process, etc. In this study, the PM remanence and coercivity variation 
influence on the generator output parameters are investigated. The investigation is 
based on the finite element analysis. 

The literature that concerns the analysis of fault detection in PM machines is 
mostly focused on the problems related to demagnetisation [2]–[5]. No importance 
has been given to variability in the PM characteristics and their effect on the output 
quantities of the machine. 

2. GENERATOR CHARACTERISTICS

For this study, a 5 kVA outer rotor PMSG is designed with surface magnets 
(Fig. 1). The surface magnet design has been chosen because of the simplified as-
sembly process. The main parameters of the machine are given in Table 1. The ge-
nerator has 32 poles with grade N42H magnets with the dimensions of 30x10x100 
mm.  

 Fig. 1. Cross-section of the designed PM generator with an outer rotor.

Table 1
Generator Parameters

Parameter Value Unit
Rated power
Rotational speed
Electromotive force
Core length
Air gap diameter
Current density 
Efficiency
Number of pole pairs

5
200
255
100

448.8
2.56
89.2
16

kVA
rpm
V

mm
mm

A/mm2

%
-

3. MEASUREMENT PROCESS AND RESULTS

To study the PM influence on the generator output variables, six different 
grades of neodymium magnets were selected. For the first five grades three different 
suppliers of magnets were selected and for the sixth grade two suppliers of magnets 
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were selected. Selected magnets were measured with Vibrating Sample Magneto-
meter (VSM), where the PM hysteresis loop was recorded. Results of the measured 
magnets are given in Fig. 2 and Fig. 3. 

Fig. 2. Comparison graph of permanent magnet characteristics by different suppliers . Type 1A means 
A grade magnet from the first supplier, type 2A means A grade magnet from the second supplier. The 
left column indicates the remanence value, middle – the coercivity value and right – the max power 

product value.

Fig. 3. The curve demonstrates an example of the measuring results made by VSM software for one 
grade of magnet (Grade A). Different magnet suppliers of the same magnet grade are shown using 

different hysteresis loops.

For comparison, magnet deviation from its rated value was found. Figure 4 
gives the maximum and minimum deviation values of remanence, coercivity and 
maximum energy product compared to the rated value. The variation of remanence 
and that of coercivity are approximately 10 %; the maximum variation of maximum 
energy product is 22.96 %. 
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Fig. 4. Measured permanent magnet parameters compared to rated values. 

 4. CALCULATION RESULTS

The machine is designed according to the reference values given in Table 1. 
To find the PM characteristic influence on the machine output characteristic, the ma-
chine design is kept constant and the magnet remanence and coercivity are changed 
in ±10 % range from the nominal value. The calculations are carried out so that the 
machine torque and the output voltage are at the rated value. The calculation has 
been performed using in-house 2D FEM software.

Performing the calculation, the variation of generator losses was found (Fig. 
5). It can be seen that the iron losses have almost a linear response to the magnetic 
characteristic change and a small nonlinearity comes due to the minor saturation of 
the core. The copper losses increase when the remanence has a different value from 
the rated one because of the increase of reactive current in the stator winding. 

 

Fig. 5. Calculated variation of iron losses (left) and copper losses (right) as a function of the percen-
tage variation of the remanence and coercivity of the permanent magnet at the rated torque operation 

of the generator.

The variation of the efficiency and power factor is given in Fig. 6. It can be 
seen that the efficiency and the power factor decrease when remanence is shifted 
from the rated value. The reason for such a drop is that the efficiency and power fac-
tor are optimal, when remanence is equal to the rated value (100 %).

The reason of the power factor variation is the air gap flux density variation, 
which is influenced by the remanence of the magnet, and influences the machine 
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electromotive force (EMF). When remanence is smaller than the rated value, the 
production of EMF will also be smaller. Similarly, when remanence is larger than the 
rated value, the production of EMF will be greater.  The efficiency and the copper 
losses both depend on the power factor. For that reason, the power factor and the ef-
ficiency curves have similar shapes and the copper loss opposite shape.

Fig. 6. Calculated variation of efficiency (left) and power factor (right) as a function of the percentage 
variation of the remanence and coercivity of the permanent magnet at the rated torque operation of the 

generator.

5. PERMANENT MAGNET DEMAGNETIZATION

One of the most critical parts of the PM generator is permanent magnets. 
Considering the needs of this PMSG with an outer rotor, the NdFeB magnets were 
designed to be used in this machine. The permanent magnet parameters are highly 
dependent on the temperature. The magnet type N42H was chosen to have high ope-
rational maximum temperature of 180°C.

The maximum load of the generator corresponds to the short-circuit condi-
tions. Due to the armature reaction influence and significant decrease of flux density 
in the magnets during the short-circuit situation, the risk of demagnetization occurs. 

The working point of the magnet is defined by the length of the magnetic path, 
which should be passed by the magnetic flux, and eventually the value of the current 
producing opposing flux. In other words, it is defined by the construction of the ge- 
nerator and the armature reaction magnetic flux density that emerges when the genera-
tor is loaded. The work or load point of the magnet can be found using Ampere’s law:

where H describes the magnetic field strength, l – the length of the magnetic path,  
I is the current and n – a number of turns. 

As the current is missing in no-load operation, we have to specify magnetic 
field strength in the magnet, which is non-zero and opposite to the magnetic field 
strength along the rest of the magnetic path [6].

Partial demagnetization of permanent magnet means that the demagnetization 
curve drops comparing to its original position. 



8

The fact that the demagnetization curve depends on the temperature of the 
magnet should be taken into account when using the magnet either in modelling or 
in constructing the wind generator. Figure 7 demonstrates the test results of tempera-
ture rise of the generator. Three curves indicate the temperature of the stator wind-
ing. The temperature of the permanent magnet can be approximately estimated from 
the stator winding temperature. The permanent magnet temperature will be about 
20 °C lower than the stator winding temperature due to better cooling conditions.

Fig. 7. Transient curves of temperature rise of the studied PM synchronous generator with an outer 
rotor. Temperature of winding 1 and that of winding 3 were measured in the slot centre. The tempera-

ture of winding 2 was measured in the end-winding part.

The simulation of short-circuit condition was performed for the generator 
with different magnet characteristics. The variation in permanent magnet characte-
ristics was considered according to measurements made in Section 3. The remanence 
and coercivity varied withn the range of 90 %–110 % of the rated value. Figure 8 
shows the calculated demagnetization curves for remanence and coercivity equal to 
90 % of the rated values. The minimum remanence during the short-circuit is 0.24 T; 
therefore, demagnetization is not present.

Fig. 8. Operating parameters of N42H grade magnet when remanence and coercivity are reduced by 
10 % of the rated value.
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Figure 9 shows the calculated demagnetization curves for remanence and co-
ercivity equal to 100 % of the rated values. The minimum remanence during the 
short-circuit is 0.52 T; therefore, demagnetization is not present.

Fig. 9. Operating parameters of N42H grade magnet when remanence and coercivity are equal to the 
rated values.

Figure 10 shows the calculated demagnetization curves for remanence and 
coercivity equal to 110 % of the rated values. The minimum remanence during the 
short-circuit is 0.56 T; therefore, demagnetization is not present. 

Fig. 10. Operating parameters of N42H grade magnet when remanence and coercivity are increased 
by 10 % of the rated value.

When remanence and coercivity are relatively high, the minimum flux density 
is getting higher, reducing the risk of demagnetization of permanent magnet.

The calculation for the studied PMSG with an outer rotor has shown that the 
armature reaction is not too strong to demagnetize the magnets and the lowest flux 
density in the magnet during the short circuit is about 0.7 T at 100 °C and at rated 
values of remanence and coercivity. 

To reduce the risk of demagnetization, the proper design of rotor should be 
considered. The location of magnets should be chosen in the coolest region of the 
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machine. In the conditions of PMSG with an outer rotor, the magnets are relatively 
well cooled by the flow of air through the ribs on the outer surface of the rotor.

6. CONCLUSIONS

In the present research, the effect of PM characteristic variation on the gene-
rator output characteristic has been studied. For this purpose, various PM materials 
have been measured. The measuring results have shown a significant variation in 
magnet characteristics. 

This PM variation has been taken into account during the generator calcula-
tions and its influence on the machine losses and efficiency has been quantified. The 
presented calculations have demonstrated a significant influence of the permanent 
magnet remanence on the machine power factor. As the power factor changes, it also 
strongly affects the machine efficiency and copper losses. 

The influence of permanent magnet characteristic variation on demagnetiza-
tion has been investigated. The demagnetization curves have been calculated and 
analysed for remanence and coercivity variation of 90 %–110 %. The results have 
shown that demagnetization does not appear in all cases. The calculations have de-
monstrated that the risk of demagnetization is getting higher when remanence and 
coercivity decrease compared to the rated value. 
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PASTĀVĪGO MAGNĒTU MATERIĀLA MAINĪGUMA IETEKME UZ VĒJA 
ĢENERATORA DARBĪBU 

O. Kudrjavtsev, A. Kallaste, A. Kilk, T. Vaimann, S. Orlova

K o p s a v i l k u m s

Rakstā tika apskatīta pastāvīgā magnēta materiāla ietekme uz lēngaitas 
ģeneratora ar pastāvīgajiem magnētiem zudumiem un izejošām raksturlīknēm. Tika 
noteikts magnēta materiāla mainīgums un tā efekts uz elektriskās mašīnas izejas 
parametriem. Sešas dažādas neodīmu magnētu pakāpes tika izmērītas un salīdzinātas 
ar piegādātāja specifikācijas datiem. Rezultāti paradīja, ka magnēta materiālam no 
dažādiem piegādātājiem ir dažādi raksturlielumi, kas ievērojami ietekmē ģeneratora 
izejas parametrus, tādus kā lietderības koeficientu un īpatnējo jaudu.

06.01.2017.
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1Riga Technical University
Faculty of Power and Electrical Engineering
12/1 Azenes Str., Riga, LV-1048, LATVIA

2Institute of Physical Energetics, 
11 Krivu Str., LV-1006, Riga, LATVIA

e-mail: edmunds.kamolins@rtu.lv

The method considered in the present paper concerns the operational 
efficiency of the inductor electric machine, which can be improved by placing 
on the stator and rotor teeth the combs combined from differently shaped teeth 
and slots. The use on the inductor electric machine stator and rotor teeth of 
combs as a combination of differently shaped hills (teeth) and valleys (slots) 
allows raising the specific power of the machine. This effect is determined by 
the chosen type of a comb element as well as by technological possibilities 
of the manufacturer. The proposed method could be used moderately in the 
inductor machines with longitudinally-transversal combing.

Keywords: comb teeth, inductor machines, magnetic permeance. 

1. INTRODUCTION

In the inductor electric machine (IEM), the magnetic flow produced by the ex-
citation system (i.e., by a winding or a permanent magnet) is branched into the flows 
over the stator teeth. When the tooth-like rotor runs, these flows change depending 
on the relative position of the stator and rotor teeth.  When a rotor tooth is located 
against a stator tooth, the permeance of the air gap between the teeth as well as the 
tooth flow,  and , respectively, are maximal. Change in the flow from  

 to  (the flow pulsation) causes the corresponding changes in the magnetic-
flux linkage of the armature winding and EMF inducing there.

The IEM operational efficiency is determined by the difference 
 (or, respectively, ); therefore, the measures 

taken for increasing  and decreasing  favour the improvement 
of its technical indices.

One of the measures directed towards the improvement of IEM operation is 
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the use of stator and rotor teeth with specific combs, the nature and effectiveness of 
which are considered below.

2. THE SHAPES OF COMBS OF STATOR AND ROTOR TEETH

The comb of a stator (rotor) tooth is a combination of hills (teeth) and valleys 
(slots) of definite shape (Fig. 1). 

The shape (profile) of the hills-teeth and valleys-slots in a comb might be 
rectangular (Fig. 1a), triangular (Fig. 1b), etc.

The air gap between the stator and rotor teeth can be presented:
a. for combs according to Fig. 1a – a combination of flat air gaps arranged at 

an angle and in parallel to the longitudinal axis of the machine;
b. for combs according to Fig. 1b – a combination of flat air gaps arranged at 

an angle to the longitudinal axis of the machine;
The comb-wise zone of the machine can be presented as individual elements 

shown in Fig. 1 for the corresponding profiles of the teeth and slots of the stator and 
rotor tooth combs. Combined arrangement of these elements on the stator and rotor 
tooth surface along the axial length of these teeth sets up their comb-wise zone.

The geometrical characteristics of the comb elements are as follows:
•  is the width of the root of a rotor (stator) tooth;
•  is the width of the base of a rotor (stator) slot;
•  is the height of the root of a rotor (stator) tooth;
•  is the height of a rotor (stator) slot;
•  is the axial length of a comb element according to Fig. 1a, b,  respec-

tively, which is also the length of the element air gap without a comb;
•  is the length of the comb element air gap according to Fig. 1, a, b,  

respectively;
•  are the coefficients of air gap extension;
•  is the rated air gap of the machine.
Within the framework of the research, geometrical parameters of the tooth 

zone were set as applied to a low-speed IEM: the diameter of stator bore 2≈sD m, 
the number of rotor teeth 200≥RZ , the axial length of the stator and rotor cores 

220200 ÷=L  mm.
 Taking into account recommendations [1]–[3], the following geometrical pa-

rameters of the tooth zone of such a machine were chosen:

• the rated air gap 5400/ == sDδ  mm;
• the width of stator (rotor) teeth bzs = bzr =20 mm;
• the height of the rotor tooth ;
• the height of the stator tooth  mm.
The listed parameters are shown in Fig. 1 [4]–[6].
The geometrical parameters of the comb elements of the types under consid-

eration are given in Table 1.
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Fig. 1. Rectangular (a), triangular (b), and their elements of A and B types.

Table 1
Geometrical Parameters of Comb Elements

Тype of element R
Fig. 1а

Т
Fig. 1b

Parameter (mm) Fig. 1а Fig. 1b

20 20

30 20

20 20

25 25

5 5

50 20

90 40

1.8 2

3. THEORETICAL FOUNDATIONS

The permeance of a flat air gap (“protrusion” is not taken into account) is 
calculated as that between parallel rectangular surfaces facing one another (Fig. 2) 
according to the formula [4]–[6]:

 
 (1)

where  are the air gap area, width, length, and height (thickness), respec-
tively;  H/m is the magnetic constant.
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In the analysis of permeance variation for a tooth zone of the IEM with a rec-
tangular flat air gap and with a comb (i.e., with a curvilinear air gap) the a and b values 
are invariable (while different for different types of comb). Therefore, the product 

 can be taken as a conditional unit; then the permeance expressed in conditional 
permeance units (CPU) will be inversely proportional to the air gap value, i.e., 

 
   (2)

We assume that the base CPU is the permeance corresponding to the calcu-
lated data of a tooth zone without a comb ( ).

To compare the combs as to their permeance values, these are to be reduced to 
the base permeance, dividing the real permeance (  (2)) by the base one ( ).

The magnetic flux across the air layer expressed in conditional units for mag-
netic flux (CUMF) will be defined as

  (3)

where F  is the MMF of excitation.
It is necessary to express theΛ  and Φ  values in conditional units for com-

parative estimation of the effectiveness of using differently shaped tooth combs.
The permeance of the ring-wise air gap (Fig. 3) is determined as [4]–[6]

   (4)

(for parameters rb ,,, δΘ  see Fig. 3).

4. INFLUENCE OF COMB ON THE MAXIMUM PERMEANCE  
OF THE AIR GAP UNDER A STATOR TOOTH

At the position of rotor tooth 1 against stator tooth 2 (at  and  being 
equal, Fig. 4), the permeance of the air gap between them is maximal )( maxΛ , and 
the corresponding magnetic flux – flow per unit is also maximal )( maxΦ .

Such being the case, the magnetic flow through the tooth zone can be pre-
sented as separate flows through characteristic sections of the air gap:

• flow zΦ  in the path “stator tooth – rated air gap – rotor tooth”;
• flow pΦ in the path “stator slot – rotor slot” (leakage flux).



16

Fig. 2. Parallel rectangular surfaces facing one another.

Fig. 3. Parameters of rb ,,, δΘ .

Fig. 4. Arrangement of stator teeth 1 and rotor teeth 2 corresponding to the maximum permeance of  
rectangular (а) and curvilinear (b) air gaps.

In compliance with the assumed designations for tooth zone parameters, ex-
pressions (1) and (4) are transformed, respectively, to the following ones:



17

  (5)

Using teeth with differently shaped combs, the picture of flows passing through 
teeth and slots (  and , respectively, Fig. 4) remains basically invariable, while 
their number will change. The relevant numerical values are given in Table 2.

As the first theoretical estimate for the extent of increase in the maximum 
permeance of the tooth zone with combs (and in the maximum flux, accordingly) we 
could take the air gap extension coefficient  (Table 1). All the more so because 
such an estimate seems to be valid since this increase occurs owing to that in the air 
gap length, whereas the calculated values of the efficiency coefficients  and 

 given in Table 2 coincide with the corresponding values of coefficients .
However, using one or another shape of comb some peculiarities arise, which 

resist the theoretical analysis. Since the comb zone sections are arranged at an angle 
to the rectangular air gap of a comb-free machine, taking also into account the satu-
ration of stator and rotor cores, the effectiveness of air gap extension decreases.

Therefore, in a comb zone with rectangular teeth and slots the magnetic flows 
through the side walls (taking into account the saturation of stator and rotor cores) 
are much weaker than the flows through the bases of teeth and slots of the comb. As-
suming these flows to be approximately  of the flows through bases a fore-
casted efficiency coefficient can be set for the extent of maxΛ and maxΦ  increasing: 

 

The values of this coefficient are given in Table 2. Using for the tooth and slot 
walls the steel sheets of 53÷ times greater thickness with respect to other saturating 
sheets ( 15.0 ÷  mm), we can derive the efficiency coefficient for the maximum flow 
as 

  

The greatest increase in the air gap length is in the comb zone with triangular 
teeth and slots )2( =bK . However, due to the angular arrangement of flat air gaps 
and saturation, the air gap size in the zones of triangle vertices (i.e., of teeth and 
slots) increases two times, while the flow correspondingly decreases. The extent of 
increase in maxΦ  depending on the slope of tooth and slot walls with respect to their 
bases can be approximately estimated as follows:

 

for  values see Table 2.

The slot permeances and the corresponding flows through the slots (see Table 
2) do not practically affect the maxΛ and maxΦ  values.
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Table 2
Values Calculated for Rectangular and Triangular Combs

Comb type

Calculated value 

Rectangular 
Fig. 1а

Triangular 
Fig. 1b

Desig-
nation Formula 0µ⋅A

H

Desig-
nation Formula 0µ⋅B

H
Maximum permeance of 
a stator element without a 
comb (basic)

0.20 0.08

Maximum permeance of a 
stator element with a comb 0.36 0.16

Theoretical coefficient of 
the comb element effi-
ciency  

1.8 2.0

Number of comb elements 
on the core  length of 200 
mm

4 10

Maximum permeance of 
stator core without a comb 
(basic)

0.8 0.8

Maximum permeance of 
stator core with combs 1.44 1.6

Theoretical coefficient 
of comb efficiency with 
respect to maxΛ  )( maxΦ

1.8 2.0

Slot permeance of a tooth 
zone without a comb 
(basic)

0.02 0.008

Slot permeance of a tooth 
zone with a comb 0.026 0.01

Coefficient of slot perme-
ance variation 0.23 0.2

Coefficient of the influ-
ence of slot permeance  on 

maxΛ of the core
0.07 0.06

Forecasted coefficient 
of comb efficiency with 
respect to maxΛ )( maxΦ

1.1÷1.15 1.2÷1.3

Note: BA, are the numerical values of physical quantities.
The maximum permeance of the air gap of stator core without a comb 
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5. COMB INFLUENCE ON THE MINIMUM PERMEANCE 
OF THE AIR GAP UNDER A STATOR TOOTH

At arrangement of rotor tooth 1 between stator teeth 2 (i.e., against a stator 
slot, see Fig. 5), the permeance of the air gap between stator and rotor is minimal 

)( minΛ ; correspondingly, the magnetic flux is also minimal )( minΦ . The latter can 
be presented as flows/fluxes through characteristic sections of the air gap:

• the flow over the central part of a stator tooth )( czsΦ  passing through the 
section of the air gap, with maximum of  (δ is the nominal/
rated gap;  is the height of the rotor tooth);

• the flow over the side parts of stator and rotor teeth  passing through 
the air gap sections with the nominal/rated gap δ ;

• the flow over the central part of a rotor tooth )( czsΦ  passing through sta-
tor slot 3 and the air gap section with gap δ , i.e., through the summary 
air gap  (  is the height of the stator tooth), being therefore 
a leakage flux.

The minimal flow of stator tooth can be presented in the form: 

   (6)

When we use in the machine the stator and rotor teeth with a longitudinal 
comb, the picture of flow passage corresponding to minΦ  would not basically change 
(Fig. 6). However, the number of flows according to (6) will change, which is con-
nected with changes in the geometrical sizes of some sections on the way of flow 
passage, and, accordingly, in their permeance (with stator teeth  and rotor teeth  
being invariable).

Two basic variants arise as to the arrangement of stator and rotor teeth with 
combs:

• at the arrangement of a comb in stator slot 3` of comb slot 4`, which ap-
plies to the cross-section passing through the axes of comb slots and teeth 
(see Fig. 6, a);

• at the arrangement in stator slot 3` of comb tooth 5` (Fig. 6b).

In the process of calculation of permeances and flows taking into account the 
air gap values on the ways of passage of central czsΦ  and lateral  stator tooth 
flows, it is assumed that the stator tooth width for passage of these flows ( czsΦ  and 

) is  and , respectively. This is reflected in the calculation formulas 
shown in Table 3 along with the calculation results.

Related permeances (we will call them “slot-slot” type) and second ones 
(“slot-tooth” type) are shown in Fig. 6a and b respectively, where those are arranged 
at the core half-length each, taking into account the air gap extension.



20

Fig. 5. Arrangement of stator teeth 1 and rotor teeth 2 corresponding to the minimal  
permeance of a rectangular air gap.

Fig. 6. Arrangement of stator teeth 1 and rotor teeth 2 with combs corresponding  
to the minimal permeance of a curvilinear air gap at  

а) placement in stator slot 3` of comb slot 4`;  
b) placement in stator slot 3` of comb tooth 5`; sizes (mm):

The summarised influence of combs favours the increase in permeance and 
flow pulsations  and, consequently, the increase in induced EMF 
and power of the machine as well as in the specific power, since the effect of increase 
in the weight of stator and rotor cores due to the use of combs is significantly weaker 
as compared with that of increased power.

Тhe theoretical value of permeance pulsation coefficient  for all  
considered types of comb in reality coincides with that for air gap extension co-
efficient lK  (Table 1). This allows for the choice of forecasted coefficients of 
comb efficiency Π

ΛE
K  (Table 3) that would be equal to the corresponding comb  

efficiency coefficients o
baEK ),( (Table 2) as related to the maximal flow.

To verify the statements mentioned above, the mathematical modelling has 
been performed for the elements of comb-wise tooth zones, which confirms, in prin-
ciple, that it is possible to employ the effect of combs but with slightly smaller (by 

) values of real efficiency coefficients r
baEK ),(  given in Table 3.
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It is quite natural that the designer should employ the effect from the use of 
combs taking into account the production expenses.

Table 3
Formula of Modelling 

From the results it follows that even though the use of combs increases to an extent 
minΛ and minΦ , the influence of this increase is weaker than that in a comb-free tooth zone 

(see mK  coefficient value).

6. CONCLUSIONS

The use on the IEM stator and rotor teeth of combs as a combination of differ-
ently shaped hills (teeth) and valleys (slots) allows raising the specific power of the 
machine. This effect is determined by the chosen type of a comb element as well as 
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by technological possibilities of the manufacturer.
At the same time, it is necessary to take into account that the use of lon-

gitudinally-transversal combing can lead to a forced decrease in the MMF excita-
tion (to avoid possible saturation of steel), which would reduce the effect of power  
increase – or even exclude it.

All this should be taken into account and used moderately in the inductor ma-
chines with longitudinally-transversal combing. 

ACKNOWLEDGEMENTS

The present research has been supported by the State Research Programme 
“LATENERGI”.

REFERENCES

1. Levin, N. N., & Serebryakov, А.D. (1976). Electric machines and drives. In Proceedings 
of RVVККU (Vol. 3). Riga (in Russian). 

2. Santalov, А. М., & Serebryakov, А.D. (1976). Оn the optimal geometry of the tooth 
zone of inductor machines. In Proceedings of RКIIGA (Vol. 113, pp. 12–23). Riga (in 
Russian).

3. Serebryakov, А. D. (1982). Optimal tooth zone of the inductor motor. Contactless elec-
tric machines (Vol. 21, pp. 157–162). Riga: Zinatne (in Russian).

4. Аlper, N. J. (1962). Calculation of magnetic fields in the air gap of the inductor machine 
with constant flow. In Bulletin of Electronic Industry, Vol. 3. Moscow (in Russian).

5. Bul, B. К. (1964). Foundations of Theory and Calculation of the Magnetic Fields. Mos-
cow: Energy (in Russian).

6. Коc, B. E. (1964). Determination of air gap permeances in comb-wise magnetic systems. 
Elecrotechnics, 9. Moscow (in Russian).

INDUKTORMAŠĪNAS AR GARENISKI-TRANSVERSĀLĀM  
ĶEMMVEIDA ZOBU ZONĀM 

A. Serebrjakovs, N. Levins, E. Kamoliņš, M. Mileiko

K o p s a v i l k u m s

Dotajā darbā piedāvātā metode attiecināma uz induktortipa elektriskās mašīnas 
efektivitātes paaugstināšanu, ko var realizēt, izveidojot mašīnas statora un rotora zo-
bus ar dažāda veida gareniski-transversiālām ķemmveida zobu zonām. Izmantojot 
induktortipa mašīnās ķemmveida statoru un rotoru un, kombinējot tos ar dažādas 
formas zobiem un rievām, ir iespējams paaugstināt elektriskās mašīnas īpatnējo 
momentu. Šis efekts ir atkarīgs no izvēlētā ķemmveida formas elementa kā arī no 
ražotāja tehnoloģiskajām iespējām. Piedāvātā metode var būt saprātīgi pielietota in-
duktortipa mašīnās ar gareniski-transversiālu ķemmveida zobu zonu. 

02.12.2016.
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The paper presents new designs for synchronous reluctance motors that 
have external rotor (segment-shaped rotor, rotor with additional non-magnetic 
space to the quadrature axis of the rotor, and rotor with several flux barriers). 
Impact of the external rotor configuration on the electromagnetic torque and 
torque ripple is analysed. Electromagnetic torque ripple factor is calculated for 
each studied motor using the results of magnetic field numerical calculations.

Keywords:  external rotor motor, reluctance motor, torque ripple, 
torque ripple factor.

1. INTRODUCTION

After intensive import of vector control drive, synchronous reluctance motors 
have received great attention as a good alternative to other types of motors, such as 
brushed motors or induction motors. Consequently, there is renewed interest in the 
design of synchronous reluctance motor in order to obtain results that are compa-
rable with other widely used motors.

Many recent studies [1]–[6] present a variety of new designs of synchronous 
reluctance motors and techniques for improving the existing motor designs. Most 
studies are devoted to the determination and justification of the rational design of 
reluctance motor with high electromagnetic torque, where the goal is achieved by 
solving such a problem as a reduction of the magnetic flux in the quadrature axis (q-
axis) and an increase in the direct axis (d-axis). For example, results obtained in pa-
per [1] show that direct magnetic flux should be increased, but quadrature magnetic 
flux should be reduced. The fact that one of the ways to increase the electromagnetic 
torque is the simultaneous execution of synchronous reluctance motor as a two-pole 
motor (2p = 2) is also presented in paper [1].

In many cases, increasing the electromagnetic torque by increasing difference 
of magnetic fluxes in the direct and quadrature axes causes a problem of emergence 
of high torque ripple due to uneven air gap in the motor.

Papers [4]–[5] present the study of difference methods for reducing torque 
ripple, which in some cases does not have effective results. In order to find the  
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effective solution to suppress the electromagnetic torque ripple and at the same time 
to maintain the average value of the electromagnetic torque, it is necessary to carry 
out a deep analysis of the distribution of the magnetic field in the active part of the stu- 
died machine depending on the configurations of ferromagnetic and non-magnetic 
parts of the rotor.

The goal of the research is to show a general approach to the design of ex-
ternal rotor synchronous reluctance motor and reduction of electromagnetic torque 
ripple in such motors.

2. ANALYSIS OF ROTOR DESIGNS FOR  
SYNCHRONOUS RELUCTANCE MOTOR 

Published patent [2] describes the developed designs for synchronous reluc-
tance motor with the external rotor, where the rotor is made up of mutually magneti-
cally isolated laminated packages of electrical steel (see Fig. 1). The rotor packages 
have narrow sides of segmental shape, each with its active surface directed to the 
stator and separated from it by an air gap. Pole coverage factor for such a motor is 
increased to 0.95–0.98, which increases specific electromagnetic torque in compari-
son with a motor with salient poles.

Fig. 1. A cross-section illustration of segment-shaped external  
rotor for a synchronous reluctance motor.

Fig. 2. A cross-section of segment-shaped external rotor with non-magnetic spaces  
along quadrature axis for a synchronous reluctance motor.

Results presented in paper [4] show that synchronous reluctance motor with a 
segment-shaped external rotor has significant electromagnetic torque ripple. In addi-
tion, the known method of torque ripple reduction – skewed rotor packages by value 
of the stator slot pitch in such a motor can significantly reduce torque ripple; how-
ever, in such a case the average value of electromagnetic torque greatly decreases. 
Furthermore, in this case, copper losses will be greater, and automatic creation of 
winding will be quite complicated due to longer stator winding.
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In order to increase electromagnetic torque of segment-shaped synchronous 
reluctance motor, studies [6]–[7] propose making an additional non-magnetic space 
in each segment of the rotor (see Fig. 2). In this case, the non-magnetic spaces are 
created in the direction of quadrature axis of the motor, which reduce quadrature 
magnetic flux. As a result, electromagnetic torque increases. In addition, non-mag-
netic spacing in the rotor segments reduces weight and, thus, increases motor spe-
cific torque.

Results published in paper [7] show that torque ripple in the synchronous 
reluctance motor is strongly influenced by a number of stator slots and width of slot 
opening. According to the results obtained in paper [7], it has been concluded that 
after increasing the number of stator slots, torque ripple is substantially reduced, 
while an amplitude value of the fundamental harmonic of electromagnetic torque 
is slightly increased. Thus, increasing the number of stator slots from Z = 6 to Z = 
18 leads to an approximately twofold decrease in the torque ripple factor and to an 
increase in the amplitude value of fundamental harmonic of electromagnetic torque 
by 5 %.

Research results for a synchronous reluctance motor with an inner rotor pre-
sented in papers [5] and [8] show that the effective difference between the direct and 
quadrature magnetic fluxes can be achieved using the rotor design with several non-
magnetic flux barriers (see Fig. 3).

Fig. 3.  A cross-sectional illustration of an inner rotor with flux barriers  
for a synchronous reluctance motor.

The analysis of design characteristics of the inner rotor of reluctance motor, 
which is presented in Fig. 3, requires studying torque ripple reduction opportunities 
by creating the external rotor of reluctance motor with several non-magnetic flux 
barriers (see Fig. 4 a). In order to increase mechanical strength, rotor flux barriers are 
designed with fasteners as shown in Fig. 4 b. The width of the flux barriers is equal 
to that of stator slot opening, and thickness of fasteners is 4 mm.

(a)                                                           (b)
Fig. 4. Cross-sectional illustrations of external rotor with flux  

barriers for a synchronous reluctance motor.
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3. ELECTROMAGNETIC TORQUE AND TORQUE RIPPLE FACTOR

As it is known [9] from equation (1), electromagnetic torque of synchronous 
motor with an unsaturated magnetic circuit depending on the angle ε between the 
rotor direct axis and axis of armature magnetizing force has sinusoidal changing. 

  (1)

where  m   is the number of phases;
 p   is the number of pole pairs;
 Lad   is the inductance corresponding to the armature magnetic flux along  
   the direct axis;
 I1   is the armature current;
 kq/kd is the armature reaction factors along the direct and quadrature   
   axis ratio.

That is why it is appropriate to distribute the fundamental harmonic T1em of the 
motor electromagnetic torque curve, which has a sinusoidal shape. In turn, torque 
ripple can be evaluated by comparing the calculated electromagnetic torque curve 
with the fundamental harmonic. For this purpose, the torque ripple factor (2) is de-
rived: 

  (2)

where  n  is the number of evenly selected points on the half interval of the   
   electromagnetic torque sinusoidal curve;
 Δa  is the difference between values of the electromagnetic torque Tem 
   and the fundamental harmonic of electromagnetic torque Tem1 in  
   relevant points;
 Tmax1  is the maximum of electromagnetic torque fundamental harmonic.

4. SIMULATION OF MAGNETIC FIELD OF THE STUDIED MOTOR AND 
RESULT ANALYSIS

In order to assess the possibilities to reduce torque ripple in a synchronous re-
luctance motor at the same time ensuring high torque, the motor with different rotor 
designs is investigated with the help of magnetic field simulation by a finite element 
method. In this case, the electromagnetic torque of the motor is calculated using the 
Maxwell stress tensor method that is described in [10]. Using the Maxwell stress 
tensor, electromagnetic torque is described by surface integral (3) of the surface in 
the middle of motor air gap:



27

              (3)

where  Tem is the electromagnetic torque;
 μ0 is vacuum magnetic permeability;
 n  is the normal vector of the point on a closed surface S;
 r  is the radius-vector of the point on a closed surface S;
 t  is the tangent vector of the point on a closed surface S;
 Bn  is the normal component of the magnetic flux density;
 Bt  is the tangential component of the magnetic flux density.

The accuracy of the electromagnetic torque calculation by the Maxwell tensor 
depends essentially on the spatial position of integrating contour, degree and even-
ness of the mesh in the computational domain. In order to eliminate the influence of 
these factors on the calculation results, the contour of integration is offered to put in 
the so-called box, as shown in Fig. 4.

    
Fig. 4. Illustration of integration contour in the rotor air gap.

The following sizes of the motor under analysis are taken as constant: the 
outer diameter is 170 mm, the axial length of the motor active part is 100 mm, the 
anchor outer diameter is 100 mm and air gap is 0.5 mm. The results presented in [7] 
show that the effective number of stator slots for the motor with the accepted dimen-
sions is Z = 18. Larger slot number is no desirable from the perspective of dental 
mechanical strength and winding creation.

Figures 5 and 6 present the magnetic flux distribution and the electromag-
netic torque curves for the studied motor with different rotor designs. The calcu-
lated torque ripple factor for the studied motor with different rotor designs is presen-
ted in Table 1. Figures 5 and 6 demonstrate results for the following synchronous 
reluctance motor designs:  (a) – the motor with a segment-shaped external rotor;  
(b) – the motor with a segment-shaped external rotor having non-magnetic space in 
quadrature axis; (c) – the motor with a segment-shaped external rotor with three non-
magnetic flux barriers; (d) – the motor with a segment-shaped external rotor with 
three non-magnetic flux barriers and mechanical fasteners in barriers. Slot number 
of the stator is selected as Z = 18.
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(a) (b)

(с) (d)

Fig. 5. Magnetic field distribution of the studied motor at ε = 30 deg.

Fig. 6. Electromagnetic torque curves for the studied motor with different rotor designs.
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Table 1
Calculated Results for the Studied Motor with Different Rotor Designs

Design (a) Design (b) Design (c) Design (d)

Torque ripple factor, kp 0.204 0.227 0.174 0.177

Fundamental harmonic, Tmax1 2.365 N∙m 2.931 N∙m 2.776 N∙m 2.576 N∙m

From the obtained results (see Table 1) it can be concluded that the high-
est value of the fundamental harmonic amplitude of electromagnetic torque is de-
monstrated by the motor with a segment-shaped external rotor having non-magnetic 
spacing in the quadrature axis. However, the motor with such rotor design has the 
highest torque ripple coefficient. In order to reduce torque ripple, it is necessary to 
establish an even air gap as much as possible. For example, the first motor design 
(design (a)) has a small gap between rotor segments (pole coverage factor is 0.95) so 
that the torque ripple is smaller in comparison with design (b), but since the air gap 
is uneven due to stator slots, ripple is also significant. However, the motor design 
(a) has a smaller value of electromagnetic torque fundamental harmonic amplitude. 
By creating flux barriers in the rotor segments, it reduces quadrature magnetic flux, 
thereby increasing the electromagnetic torque. As inner surface of this rotor is even 
and the width of barriers is equal to that of slot opening, torque ripple is smaller.

5. CONCLUSIONS

Based on the results obtained in the present research, the following conclu-
sions can be drawn:

1. Comparison of the studied rotor designs for a synchronous reluctance 
motor shows that the motor with a segment-shaped external rotor with 
non-magnetic space in the quadrature axis has the highest value of the 
electromagnetic torque fundamental harmonic amplitude. However, the 
same value for the motor with an external rotor with flux barriers is less 
than 5 %, and for the motor with an external segment-shaped rotor is less 
than 19 %.

2. The motor with non-magnetic barriers in the rotor has the smallest torque 
ripple. Torque ripple factor for the motor that has the rotor with non-mag-
netic space in quadrature axis is higher than 30 %.

3. In practice, the creation of the mechanical fastening in the flux barriers of 
the rotor does not affect the torque ripple, but slightly reduces the funda-
mental harmonic amplitude of electromagnetic torque.
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ĀRĒJĀ ROTORA IZSTRĀDE SINHRONAJAM REAKTĪVAJAM DZINĒJAM 
AR SAMAZINĀTĀM MOMENTA PULSĀCIJĀM

J. Dirba, L. Lavrinoviča, R. Dobrijans

K o p s a v i l k u m s

Aplūkotas jaunākās sinhrono reaktīvo dzinēju konstrukcijas ar ārējo rotoru. 
Analizēta ārējā rotora izpildījuma (segmentveida rotors, rotors ar papildu gaisa 
atstarpi pa šķērsasi un rotors ar vairākām nemagnētiskām barjerām) ietekme uz 
elektromagnētiskā momenta pulsācijām. Izmantojot magnētiskā laukā aprēķinus, 
iegūti momenta pulsāciju skaitliskie rezultāti dažādām ārējā rotora konstrukcijām.
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The article proposes a method of mathematical simulation of electrical 
machines with thyristor exciters on the basis of the local Fourier transform. 
The present research demonstrates that this method allows switching from a 
variable structure model to a constant structure model. Transition from the 
continuous variables to the discrete variables is used. The numerical example 
is given in the paper.

Keywords: mathematical modelling, thyristor exciter, local Fourier 
transform, synchronous machine, electromagnetic transients.

1. INTRODUCTION

Mathematical models of synchronous machines used for the study of tran-
sients in the majority of cases are based on continuous mathematical methods. It is 
justified for dynamoelectric drivers because both processes and modelled objects are 
continuous in essence, as well as in principles of operation. However, there are key 
elements – thyristors – in an excited circuit of the synchronous machine. The com-
plete system of differential equations describing the synchronous machine together 
with valve exciter contains periodic coefficients and has the variable structure, which 
is changing non-linearly in time. 

Development of methods of mathematical simulation [1], [2] has allowed jus-
tifying feasibility of transition to the discrete sampling of regime parameters that, on 
the one hand, provides the fastest processing of information, and, on the other hand, 
reflects specifics of operation of valve elements present in the excitation system of 
the synchronous generators and engines. 

The methods of the organisation of discrete mathematical models for electri-
cal circuits with valve converters are well developed in [2]–[6]. It has been shown 
that by means of the local Fourier transform (LFT) it is possible to obtain mathe-
matical models in a finite-difference form or rather step images for the synchronous 
machines with an independent thyristor and self-excitation. The switching of the 
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valves causing local indignations of the mode is not taken into consideration, and the 
created models describe macro processes as they are the main object of the research. 

2. METHOD

The LFT method is as follows. We consider continuous function ( )f t  (Fig. 
1) and also allocate some m interval to borders ];[ )()()( mmm htt + . We periodically 
continue the function ( )f t , considered only within the limits of the allocated interval, 
on the both sides of the allocated interval (Fig. 1). Thereby we receive new function 

( )tf p , which has the following properties: first, it is periodic with the period )(mh ; 
secondly, on the interval of values of argument ( ))()()( ; mmm httt +∈ , it identically 
coincides with the required function, i.e., )()( tftf p ≡ ; thirdly, in boundary points 

)(mtt =  and )()( mm htt +=  function ( )tf p  has ruptures of the first type.

Fig. 1. The periodization of non-periodic functions.

It is known that such a function can be represented by the Fourier series ( )tfF , 
 in addition 

 (1)

( ))1( +mtf

f(t)

( ))(mtf
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Since the function ( )tf p  in points )(mtt =  and )()( mm htt +=  has discontinui-
ties, for the Fourier series the following relations are valid:

 (2)

Expression (2) is one of the main equations used in this method, because it re-
lates the continuous parameters (Fourier series) with discrete – with the countdown 
of function )(m

lf (i.e., with its value in the point )(mtt =  and with its final difference 
)(m

lf∆ .
The following integral is the local Fourier transform (F-conversion):

 (3)

where  and ),( kmF  is a local 
image (image A)  of function ( )tf , wherein

 
(4)

Expression (4) is already sufficient to organise numerical procedures of the 
solution of the linear differential equations with the constant coefficients, leading 
them in accordance with (4) to the final-difference equations. We consider the ana-
lytical possibilities of the F-image summation according to (4). If they can be pre-
sented in the form 

on the basis of the theorem of deductions, we obtain 

 (5)

where S – the number of the function poles (simple) of a complex variable ( )pD , whose 
deductions in poles  are equal to . ( )pD  turns out from   
by replacement . It is convenient to use in case of the valid values .
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If  forms final sequence of the n , formula (6) is inapplicable and it is 
necessary to use formula (5) of direct summation.

Thus, we receive 

We show the use of local Fourier transform for the formation of the discrete 
mathematical model of the synchronous machine with the system of independent 
thyristor excitation from the transformer connected to an electrical network (Fig. 2.)

Fig. 2. The schematic diagram of the synchronous machine and its exciter.

Resistances cc xr , correspond to a field winding supply circuit from alterna-
ting current, EMFs E forms a direct sequence. 

We accept the following assumptions: input equations of the synchronous ma-
chine use the model of Park-Goreva with the equivalenting conversion of damping 
circuits of one winding in a longitudinal axis and one winding in a lateral axis; the 
axis d advances an axis q. The valves of the  managed converter, which is collected 
on a three-phase bridge circuit, are considered ideal; they work in the main mode 
– the mode of the serial conductivity of two and three valves, and the angle of thy-
ristors control α is digitized from null value of the corresponding phase EMF. In 
the equations of the synchronous machine, we save the standard designations [7]. 
In the equations of discrete model, we use the “walking” coordinate system, which 
is displaced giving the next control signal on thyristor in an angular measure of π/3 
radians (duration of an interval of repeatability of the converter).

The classical equations of Park-Goreva for the synchronous machine are writ-
ten using a system of the relative units :
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 (6)

We connect through the equations the electric field of a winding of excitement 
and a power line. In the m-th local interval of recurrence of the converter within 
duration of the commutation of the phases γ connected to switching of valves, the 
following equation is obtained in the system of the walking coordinates: 

  (7)

where  – the exciter current phase, ending switching, 
and  

Outside the switching interval, when  it is also possible 
to use equation (7) in case 0)( ≡miγ .

If we apply the local integral conversion [1], which is a special case of LFT, 
to equation (7), i.e., according to terminology [1] to pass to the “step images” of 
variables

considering boundary conditions for switching current )(miγ we receive

  (8)  

where the lower s index belongs to the mean value of a required variable on m inter-
val of recurrence of the converter, the index l corresponds to the value of the variable 
in the switching point, i.e., at the time of submission of the controlling signal to the 
next thyristor of the converter that is illustrated by the following formula:    
  

The rectilinear approximation is used in integration of equation (7). Expres-
sion (8) describes a response external characteristic of the transformer in the discrete 
variables. It is obtained mathematically within the accepted assumptions. Taking 
into consideration smoothness of the straightened current, we assume that .
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Let us assume that the synchronous generator mentioned above has outputs 
connected to the active and inductive load w, xwr .

 (9)

Having applied LFT to equations (6), (7) and (9), we receive the equations of 
the synchronous generator together with its activator in the field of F-images

 (10)

where  
The complex coefficient  that enters equation (10) pays off in the fol-

lowing equation: 

Complex variables are convenient if we pass to the finite-difference equations 
in the analytical view from equation (5). If in equations (10) we pass from complex 
to the valid variables by changeover

and calculate a limited row:

  ,2,
2
1),()0,(

2
1

1

)()(

h
nkfkmFmFf

N

n

mcm
l

π
=∆−+= ∑

=

          (11)
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where N – the number of the considered members of a row, we obtain the convenient 
numerical method for formation of a mathematical model of the synchronous ma-
chine of the discrete type of constant structure, in which internal switching transient 
phenomena are not taken into account.

Irrespective of existence of the gate transformer in a generator exciting circuit 
the speed of computation in the discrete model is significantly higher than in case of 
integration of the equations in the instantaneous values of variables in the Runge-
Kutta method.

It is interesting to consider and evaluate the possibility of using the simplified 
discrete model when the entire range of EMF of network and switching current is not 
considered in the field of images. In this case, the appropriate equation for a circuit of 
the excitation winding of the synchronous machine takes the following form:

 (12)

It is done in order not to complicate needlessly the mathematical model of the 
synchronous machine. This example shows that the results of calculations for both 
models, which show that transition from the continuous model to the discrete one, 
provide more exact reflection of the occurring processes even in the case of the same 
initial simplifications.

Example 1. We consider the mode of the three-phase short circuit on the out-
puts of the idling synchronous generator without damping windings. The generator 
parameters in relative units: 

1.0;    0.7;   0.6;   1.43;    0.0145;   0.0015;d q ad f fx x x x r r= = = = = =
0.0145;   0.0015;fr r= = excitement data: 0.001; 0.0002; 0.004c cx r E= = = . 

The initial value of current of excitement is 1)0( =fi .014. The comparison 
of calculation results for the instantaneous values of variables during intervals of 
the persistence of structure of the transformer (reference model) and in the discrete 
model (10) showed their almost complete coincidence in switching points.

We also estimate the accuracy of calculations using the simplified model of 
the exciter (12) where the power-supply circuit of a winding of excitement is de-
scribed by equation (8). At the same time, we show the sequence of the numerical 
calculations.

Having passed from complex to the valid variables, we obtain the following 
equations:
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  (13)

where  

We make the calculation of the system coefficients of differential equations 
in the following sequence. We add a matrix column [ ]

t
00001  to the right 

part of equations (13) instead of the existing matrix column with variables. We as-
sume that k=6n concerning variables with upper index c and we add to each of them 
the results of calculation according to formula (11). Thus, we obtain the column of 
system coefficients of differential equations at the final difference )(m

dI∆ . Then we 
substitute a matrix [ ]

t
00010  and so on. The following system of differential 

equations is obtained at the number of members of row N=55 and the control angle 
α=1 radian for the accepted parameters:

  

(14)

The lower index t means the transposed matrix.
This equation serves for the determination of the switching angle γ:

Equations (14) now need to be written with respect to finite differences.  
Using the same algorithm (except for summation), we find that

 (15)
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The calculation results of the transition process for the reference method and 
the equations (15) are given in Fig. 3 at α=1 and α=2. 

3. DISCUSSION

The values of currents of the reference model are caused only in switching 
points and connected for the descriptive reasons by continuous bending. The values 
of currents of the discrete model are caused in the form of circles. 

The step of discretization is set by the diagram of thyristor exciters of the 
synchronous machine. Six points for the period of industrial frequency are quite suf-
ficient for adequate display of electromagnetic transition process. The local transient 
process can be restored in each interval of discretization, if necessary. In this case, 
the initial values of the variables are the values of discrete variables of the previous 
interval.

The comparison shows that the simplified accounting of the exciter is quite 
correct both at low and at high control angles.  

Fig. 3. Currents qifidi ,,  of the synchronous generator calculated in the  
reference and discrete mathematical models.

a – the angle of management, α=1; b – the angle of management, α=2;

4. CONCLUSION

Thus, the local Fourier transform allows creating the mathematical model of 
the dynamoelectric and gate system, which initially represents the system of vari-
able structure in a finite-difference type of constant structure. In this case, informa-
tion on a transient phenomenon is provided in switching points at a frequency of 6 
times during the industrial frequency (a bridge circuit of rectification). The present 
research has provided both numerical and analytical opportunities for further use of 
the obtained mathematical model for research of transient phenomena in electrical 
power systems without introduction of the simplifying assumptions in relation to 
gate drivers.
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Well-structured ZnO nanotubes are obtained by a self-selective etch-
ing method with lowering temperatures of growth during the hydrothermal 
process. 

The structural and optical properties of the obtained nanostructures are 
investigated by various conventional methods.

The goal of the research is to compare the efficiency of ZnO nanotubes 
to that of ZnO nanorods during lead adsorption process from aqueous solu-
tion and demonstrate that hollow nanostructures are more effective than solid 
nanostructures of the same morphology due to their larger effective surface.

Both nanotubes and nanorods are obtained under similar growth con-
ditions: neither growth solution composition, nor concentration is changed. 
ZnO morphology is switched only by changing temperature during the growth 
process.

The measurements are carried out to assess the efficiency of the adsorp-
tion per unit weight of ZnO nanorod and nanotube capacity of static adsorp-
tion.

Keywords: hydrothermal crystal growth, lead adsorption, nanotube, 
ZnO.

1. INTRODUCTION

Nowadays, due to increased manufacturing and traffic intensity pollution of 
the environment by heavy metals, such as lead, cadmium, mercury, cobalt, cuprum, 
arsenic, has become one of the most topical problems [1]–[6]. 

Heavy metal ions are toxic and cancerogenic; they are accumulated by living 
organisms causing long-term intoxication and a lot of chronicle and acute diseases 
[1], [2].

One of the most dangerous environmental pollutants is lead [7]–[9]. As a re-
sult of manufacturing, such as leather and textile treatment and fabrication, metal-
working, pharmacy, chemical and battery manufacturing etc., it is released into the 
atmosphere and subterranean waters as well as into soil with further accumulation 
by plants.
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Due to high hazardous properties of heavy metals, it is very important to mini-
mise humans’ contact probability with sources of lead ions, and one of the solutions 
to this problem is higher purification of wastewater to prevent lead ions from enter-
ing the environment. 

Various treatment techniques have been developed for the removal of toxic 
contaminants from wastewater, such as adsorption, ion exchange, chemical precipi-
tation, membrane-based filtration, reverse osmosis, coagulation-sedimentation and 
so on; however, the most promising and effective method is adsorption [1], [2].

This method is easily performed, inexpensive and sensitive to both organic 
and nonorganic pollutants, for example, for removal of several kinds of metal ions, 
organic dues and so on. 

In many studies, special attention is devoted to mesoporous and nanostruc-
tured materials as a sorbent due to a significantly larger effective area and a higher 
number of active bounds compared to bulk material of similar composition [4], [7], 
[10], [11]. 

ZnO nanostructures are a promising candidate for many purposes: they are 
sensitive to all heavy metal ions to a greater or lesser extent and show excellent 
adsorption results for most hazardous ones, such as lead, cadmium and mercury 
[2]–[5], [10], [12]. ZnO nanostructures are presented in multiple morphologies and 
that is why it is possible to change sorption properties depending on the intended 
purpose and kind of pollutant without changing initial chemicals and sorbent obtain-
ing method.  Another important feature is that ZnO is chemically inactive; therefore, 
it does not cause secondary pollution.  

As shown in [4], ZnO nanostructures demonstrate good regeneration and re-
usability without significant loss of sorption capacity for subsequent cycles after 
three desorption cycles that lower the overall cost of the adsorption process and are 
environmentally friendly. 

2. MATERIALS AND METHODS

2.1 Seed Layer Growth

Seed layer was obtained to provide orientation of nanotubes along vertical di-
rection during epitaxial growth process and ensure good connection of nanostructure 
with smooth surface of the substrate.

Previous research [13] shows that one of the most optimal methods for obtain-
ing the seed layer is growing from zinc acetate ethanol solution. Acetate-delivered 
seed layer provides good crystallinity and orientation along z-direction, and only 
acetate seed provides needle-like nanorod with sufficiently large diameter for further 
transformation into nanotubes during a two-step hydrothermal growth process.

Samples were prepared under the following conditions. Glass plates were 
cleaned by consistent immersing in alkaline and acidic aqueous solutions, se-
veral times rinsed with deionized water and dried at 90˚C for 30min. Then glass 
plates were dipped into ultrasonically shaken flask containing 5 mmol Zinc acetate 
Zn(CH3COOH)2*2H2O  ethanol  solution, then rinsed in pure ethanol and dried with 
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nitrogen gas flow.
This procedure was repeated 2–4 times depending on the desired fineness of 

seed layer. After dipping procedure the samples were annealed at 250˚C for 30 min 
to convert acetate layer to ZnO during calcination. 

2.2 ZnO Nanotube Growth

ZnO nanotubes were obtained using the hydrothermal growth method. 
For this purpose 0.1M equimolar zinc nitrate hexahydrate (Zn(NO3)2*6H2O) 

and hexametientetramine HMTA (C6H12N4) aqueous solution were prepared and  
several chemical reactions took place:

C6H12N4+6H2O→6HCHO+4NH3  (1)
NH3+H2O→NH4

++OH-  (2)
2OH-+Zn2+↔Zn(OH)2  (3)
Zn(OH)2↔ZnO+H2O  (4)

In these reactions, zinc nitrate provided the source of Zn2+ ions, but HMTA 
produced slightly alkaline medium and provided Zn2+ ions with OH- .

All mentioned reactions were in equilibrium and might be shifted from equi-
librium condition by changing physical parameters of reaction such as growth tem-
perature, concentration of precursor, pH and growing time.

In this way, it is possible to obtain nanostructures with tunable morphology, 
size and density of distribution depending on the initial purposes of research [13].

Working solution was poured into a beaker with lid and then glass plates with 
seed layer were immersed face downward with the aim to prevent undesirable sedi-
mentation during the chemical reaction. 

Beaker was placed into the preheated LINN HIGH THERM furnace and then 
temperature was maintained 90 ˚C.

The growing process occurred during two stages:
a. Temperature was set to 90 ˚C and maintained for 3h;
b. Temperature was lowered to 50 ˚C–60 ˚C and maintained for 18h–20h;
This sequence of the process corresponds to the principles of self-selective 

etching method, when at the first stage in relatively short time at a high temperature 
the growing process of ZnO nanorods intensively occurs in both lateral and axial 
directions, but after lowering the temperature in a significantly longer time period, 
compared to the first stage, the aging process occurs when ZnO metastable planes 
are etched during the chemical reaction with residual chemicals of growth solution 
[14]–[17].

It should be noted that the growth and aging processes occur at both stages, 
but at the second stage in constant volume of solution after a long period of growth 
supply of Zn2+ ions  is already exhausted; therefore, growth process of nanotubes is 
suppressed and the etching processes begin to dominate.
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In comparison with obtaining the nanotubes during chemical etching, the self-
selective method has a lot of advantages: it is mild, selective and non-degradable 
for the whole surface of nanorod (during the indicated time period only metastable 
planes are etched) and there is no contact with additional chemicals that raises purity 
of the obtained sample.

As shown in Fig. 1, there are two kinds of nanotubes: the fully etched nano-
tubes with a deep hole and the ones that are partially formed with low walls and 
easily visible basis.

The second type of nanotubes may experience another mechanism of growth 
[18].

According to the nucleation theory, growth species with higher probability 
will condense at places with a higher number of neighbour particles such as defects, 
steps, edges.

For an atomically flat 2D growth surface without defects and steps, higher 
binding energies at the edges will enable selective condensation of growth species at 
the edges. For ZnO, it is well known that the growth rate along the c-axis is relatively 
faster; thus, if the decreased growth temperature is low enough to suppress migration 
along the 2D surface of the c-plane but high enough to sustain the growth along the c 
axis, the condensation and growth will be limited at the edges of the c-plane of ZnO 
that causes the formation of nanotubes on the nanorod base.

The dominating growing mechanism depends on Zn-terminated or O-termi-
nated plane completes {002} plane at the end of the first stage of growth before 
lowering the temperature.  

Experimentally found duration of growth stages provides optimal dimensions 
and etching intensity of the obtained nanostructures, when nanotubes are sufficiently 
etched, but are not fully destroyed [13].

2.3 Analysis of Morphology and Structural Properties

Morphological and structural composition of the obtained sample was deter-
mined using the scanning electron microscope TESCAN-VEGA LMU II. 

For structural and phase composition determination, XRD spectra were ob-
tained using RIGAKU Smart Lab Cu-Kα (λ=1.543 Ǻ) at parallel beam scanning 
geometry and additional Ge(220)x2 bounce monochromator.

2.4 Analysis of Lead Ion Adsorption Process

Optical measurements were carried out by Shimatzu spectrophotometer.
With the aim to analyse adsorption processes of Pb2+ ions using ZnO nano-

tubes as a sorbent, lead nitrate aqueous solution of different concentrations (30mM/l-
300mM/l) was obtained (see reaction 5).

Pb(NO3)2↔Pb2++2NO3
-  (5)

Glass plates covered with nanotubes were placed into cuvette containing zinc 
nitrate aqueous solution and transmittance spectrum measurements for each concen-
tration were carried out.
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For comparison purposes, the same procedure was carried out for nanorod-
covered plates obtained at 0.1M equimolar Zn(NO3)2 and HMTA solution at 90 ˚C 
for 3h. 

Chemical composition of adsorbed layer was determined by INCA EDS, but 
for phase composition determination XRD spectra were taken. 

Deposition mechanism was explained as precipitation due to covalent bond 
formation between Pb (II) ions and ZnO surface (A bond). Donor-acceptor or coor-
dination bond is also possible between surface of ZnO and Pb (II) (B bond) (Fig. 2 
e) [4].

As shown in [2], the adsorption process depends on pH of solution. When pH> 
pHpzc, where pHpzc is pH level at a zero charge point, chelate complexes between ZnO 
nanoparticles and Pb ions form. At a low pH level, chelate sites occupy H+ making 
them neutral. This adsorption mechanism is preferential, but also a small amount of 
Pb (II) can be adsorbed at pH < pHpzc during the ion exchange mechanism. It means 
that Pb2+ has greater affinity to ZnO compared with H+ so that H+ can be exchanged 
by metal ion during ion exchange. Ion exchange process occurs more slowly than 
surface complexation (formation of chelate complexes) during presence of organic 
molecular impurities on surface of ZnO nanostructures, which causes steric factor 
during the metal ion adsorption process.

3. RESULTS AND DISCUSSION

SEM images and XRD spectra of the obtained ZnO nanotubes samples are 
shown in Fig. 1.

Fig. 1. SEM image of the prepared ZnO nanotubes and XRD pattern of the obtained nanostructures.  
Inset displays high-resolution SEM image of single nanotube with wall thickness of about 50nm.

The array of obtained nanotubes is well aligned with the preferred orientation 
along vertical direction as evidenced by higher peak intensity compared to another 
that corresponds to {002} plane. Low intensity of amorphous background indicates 
that samples are highly crystallized and the analysis of the obtained peak shows no 
mismatching in the presence of ZnO crystalline phase.

For  Pb2+ ion adsorption process analysis, samples were cut into narrow strips 
and placed to the Petri dish containing  300mM/l-30mM/l Pb(NO3)2 aqueous solution 
under continuous stirring.
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 SEM images display (Fig. 2) that by decreasing concentration of working 
solution the size of crystallites, which were formed due to the adsorption process, 
significantly increases. This is due to the fact that at high concentration of precursor 
growth particles with higher probability cooperate to create new seed grain instead 
of participating in the existing grain.   

Chemical composition determined by EDS shows that deposition of lead ions 
occurs intensively, the sediment contains only Zn and O and  XRD pattern of sample 
after adsorption procedure confirms (Fig. 3) that sediment consists of different kinds 
of lead oxides and monoclynic  α- modification of Pb2 O3 and rhombic  Pb3O2(NO3)2 
are the most widely represented ones. Corresponding to the shape of each crystal 
system, crystallites are observed from SEM images.

Fig. 2.  SEM images of lead sediment on surface of ZnO nanotubes obtained at different concentra-
tions of  Pb(NO3)2 aqueous solution  (a) 300mM/l, (b) 150 mM/l, (c)75 mM/l,(d) 30 mM/l, (e) EDS 

spectra of the obtained sample and schematic description of lead ion adsorption mechanism.

Fig. 3.  XRD pattern of ZnO sample after lead ion adsorption.

Capacity of static adsorption was determined by equation (1).

  (1)
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where qe is the amount of adsorbed Pb(II)  (mg g-1), C0 and Ce are the initial and equi-
librium concentration of Pb(II) ions in solution   (mg L-1), respectively, V  is volume 
of solution  (L) and  m is sorbent mass (g).

Calculations show that static adsorption capacity of ZnO nanotubes and 
nanorods obtained under the same conditions is 611 mg/g and 256mg/g, respec-
tively. Measurements were taken at room temperature using 300mM/l solution and 
immersing for 5min.

The obtained values mean that ZnO nanotubes in comparison with nanorods 
show better sorption properties per mass unit of sorbent for Pb2+ ion due to a larger 
effective surface and they are higher than that of ZnO nanorods and hollow micro-
spheres as indicated in [2], [4], [10].

Optical transmittance spectra were taken with the aim to obtain the additional 
information about lead adsorption process on surface of ZnO nanotubes.

For this purpose, ZnO nanotube-coated glass plates were placed into a cuvette 
containing distilled water and the obtained spectra were accepted as a reference. 
Then water was replaced with 300mM/l-30mM/l Pb(NO3)2  aqueous solution and 
spectra were carried out repeatedly, with different time delay of 0–30 min, in order 
to track lead sedimentation process in time and find out differences. 

As shown in Fig. 4, during the reference experiment only one absorption edge 
at 380 nm corresponding to pure ZnO was observed.

When water was replaced with different concentrations of lead nitrate solu-
tion, distinct differences were observed for each concentration: ZnO corresponding 
adsorption edge was shifted to a shorter wavelength area that indicated structural 
changes in ZnO due to precipitation of lead oxide and, apart from the main absorp-
tion edge corresponding to ZnO, the second absorption edge appeared and its value 
at 350 nm corresponded to the value specified for lead oxide by [19].

According to time differences of the obtained spectra, the adsorption process 
occurred rapidly: strong differences in shape of transmittance spectra were observed 
only for “as immersed” sample compared to the reference sample when the second 
absorption edge appeared immediately after immersion and the shape of spectra was 
constant during the entire experiment: by increasing time delay between two mea-
surements only a change in intensity was observed, and there was no shape change.  
Differences in the intensity of spectra increased along with a decrease in lead nitrate 
concentration: at maximal 10 % concentration spectra almost had no changes in time 
and after 30 min immersion had a slight difference in intensity compared to spectra 
of “as immersed” sample.

It should be noted that at higher concentration, changes in the transmittance 
value compared to the reference measurement with distilled water were observed im-
mediately without time delay when lead nitrate solution was poured (“as immersed” 
samples), but in case of less concentration such as 2.5 % and 1 %  an increase in 
transmittance was not observed during “as immersed” measurement (spectra were 
practically the same to the reference with the only difference being the second ad-
sorption edge) and appeared only after 15–30min of time delay.

By comparing transmittance spectra of ZnO nanotubes and nanorods (Fig. 5), 
it can be concluded that nanorods have a time lag according to the adsorption  
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process:  after changing distilled water to lead nitrate solution no changes in intensity 
and no second adsorption edge corresponding to lead oxide are observed at first (Fig. 
5a) and they appear only in 20–30 min, despite the fact that for tubes obtained under 
the same condition the second adsorption edge appears immediately (Fig. 5b).

 Fig. 4. Transmittance spectra of ZnO nanotubes immersed in various concentrations of Pb(NO3)2  
aqueous solution. a)10 %, b) 5 %, c) 2.5 %, d)1 %.

 

Fig. 5. Comparison of transmittance spectra of ZnO nanorods and nanotubes. Measurements were 
carried out using 2.5 % Pb(NO3)2  aqueous solution. a) ZnO nanorods, b) ZnO nanotubes.

4. CONCLUSIONS

In the present research, well-aligned ZnO nanotube arrays have been obtained 
using a hydrothermal growth method, and then they have been used as a sorbent to 
evaluate efficiency of sedimentation process of lead ions on ZnO surface with the 
aim to apply ZnO nanostructures as a sorbent for water purification from lead con-
taminants.

It has been determined that lead precipitates to ZnO as a blend of different 
kinds of lead oxides (PbO, Pb2O3, Pb3O4) and pure lead (Pb).
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The experiment has shown that ZnO nanotube array demonstrates an approxi-
mately twofold higher value of static adsorption capacity (>600 mg/g) than that of 
ZnO nanorods grown under the same conditions.

Optical measurements have shown that ZnO nanotubes have higher respon-
siveness and sensibility to changes in the concentration of lead nitrate solution. 

Detection of lead ions in aqueous solution can be carried out through the ana-
lysis of change in the shape of transmittance spectra: due to sedimentation process, 
the second absorption edge appears and ZnO adsorption edge shifts to a short wave 
region.
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SVINA JONU ADSORBCIJAS PROCESU ANALĪZE UZ LABI  
SAKĀRTOTU ZnO NANOCAURUĻU VIRSMAS

M. Krasovska, V. Gerbreders, E. Tamanis, S.Gerbreders, A.Bulanovs

K o p s a v i l k u m s

Darba procesā  izmantojot hidrotermālo metodi tika iegūtas labi sakārtotas 
ZnO nanostieņu un nanocauruļu kopas.

Tika izpētītas doto paraugu sorbcijas īpašības attiecībā uz svina jonu 
nogulsnēšanos no svina nitrātu saturoša ūdens šķīduma ar mērķi noteikt abu vei-
du efektivitāti izmantošanā kā sorbentu ūdens attīrīšanai no svinu saturošiem 
piemaisījumiem.

Ir konstatēts, ka ZnO virsma piesaista svina jonus dažādu oksīdu maisījuma 
veidā (PbO, Pb2O3, Pb3O4) un arī kā tīru metālu (Pb).

Eksperiments pierāda, ka nanocaurulēm piemīt ievērojami lielāka statiskās 
absorbcijas kapacitātes vērtība, nekā nanostieņiem (≈600 mg/g) un (≈ 256mg/g) 
atbilstoši. Svina jonu eksistenci var konstatēt arī spektroskopiski, analizējot ZnO 
nanostruktūru caurlaidības spektra  izmaiņas: nogulsnēšanās procesā parādās otrā 
absorbcijas mala, kā arī primārā ZnO atbilstoša absorbcijas mala tiek nobīdīta īsviļņu 
apgabalā.

10.11.2016.
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The present paper studies the problems of creation of techniques for the 
analysis of vibro-impact processes in systems with a large number of impact 
pairs. The used method of singularisation allows refusing from the ideas of the 
momentary impact and considering interaction hypotheses, which are more re-
alistic than Newtonian ones. We consider the features of synchronous modes of 
movements of the clap type in systems with parallel impact elements as well as 
in tubes colliding with intermediate supports. Such modes are most dangerous 
in terms of the vibration wear of structural elements. The examples of calcula-
tion are given for specific designs. 

Keywords: 2N-parametrical representation, calculation for tube con-
structions, degrees of freedoms, integral equation of nonlinear oscillations, 
interaction momentum, interaction time, non-momentary impact, periodic 
Green's function, singularisation, synchronous impact.

1. INTRODUCTION

The problem of modelling and analysis of non-Newtonian vibro-impact sys-
tems, where the forces of shock interaction are described by threshold nonlineari-
ties, was discussed in [1]. Apparently, V. K. Astashev was the first to consider such 
problems [2]. Any threshold nonlinearity represents the hypothesis of the impact in-
teraction. Having used the hypothesis of instantaneous impact interaction, the author 
of [3] proposed a method of singularisation, which allowed creating approximate 
solutions to the problems requiring consideration of the finite duration impact. Sin-
gularisation method, developed in [4], [5], consists in the following: at interaction 
the concept of impact in first approximation still remains Newtonian (elastic impact), 
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but the obstacles are set not as fixed but “floating” depending on the time of interac-
tion defined by the non-Newtonian impact hypothesis. Thus, it makes possible to 
take into account different characteristics of elastic loading during the impact of the 
interacting subsystems, as well as to consider more realistic models of the dispersion 
energy during interaction. These issues are discussed below. 

2. OPERATOR EQUATION OF MOTION

We consider a periodic vibro-impact process in a mechanical system of the 
general type comprising N impact pairs. In the construction process, we use in some 
modified form the methods of time-frequency analysis of vibro-impact processes [1], 
[4]–[10] based on the record of the desired laws of motion using periodic Green’s 
function of the interacting linear mechanical subsystems. As an example, we con-
sider a linear scleronomous, stationary mechanical system with an arbitrary finite 
number (N1) of degrees of freedom. For simplicity reasons, we restrict ourselves 
to assumption being, in general terms, insignificant that each point of the system 
performs a one-dimensional movement along a certain axis. Let us suppose that a 
family of operators of dynamic compliance of the given system L(u,y; p), where u 
and y are its arbitrary points, is known. Each such operator associates a force applied 
in the point u with the displacement of the point y; p ≡ d/dt. 

 We suppose that at N ≤ N1 points {uk}: L(uk, uk) = O(p-2) (p→∞). This as-
sumption means, in particular, that at points {uk} some bodies with mass mk are 
concentrated. We assume further that each such point contains an impact pair, which 
is supposed to be asymmetric and unilateral for definiteness, i.e., there is an ordered 
set of numbers {Δk} such that uk ≤ Δk and at uk = Δk a direct and central non-New-
tonian impact interaction takes place. We denote the impact force in the k-th pair 
as ; we particularize the form of  below. It is common to set 

, where  is an elastic component and 
 is a dissipative one.

Assuming, finally, that periodic (with period T0) external excitatory forces 
 are applied in some selected H≤N1 points {uh}, we can write for the 

points uk :

  (1) 

We should also point out that similarly we can consider the case where con-
centrated bodies of the studied system collide among themselves [4]. 

Let us assume that the family {Ph} is T-periodic. To find the T-periodic laws of 
motion uk(t), one can use a system of integral equations of the periodic fluctuations 
of Hammerstein type [4]–[7] when k= 1,...,n:

  

(2)
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Here χ(uk, uh; t-s)  is a periodic Green’s function (PGF) corresponding to the 
operator L(uk, uh; p):

   (3)

PFG properties are described in detail in [4], [6]; they represent the response 
of linear systems to periodic sequence of Dirac δ-functions (Dirac comb):

  (4)

The first term on the right side (4), thus, turns out to be the solution to the linear 
problem (all Фk ≡ 0). If all the excitatory forces are symmetric and impact pairs are 
also symmetric, then in order to find the symmetric motion modes uk(t)=- uk(t+T/2) 
of the system (1) we can use symmetrizable integral equations (2), where the integra-
tion is taken in the interval [0, T/2], while symmetric PFG-s serve as kernels:

	 	 (5)

which proves to be a linear system response to a double Dirac comb: 

 
 (6)

The representation of PFG-s is useful in their final form at intervals of perio-
dicity (symmetry) – see [4], [6], [9] and below.

3. HYPOTHESIS OF IMPACT

In terms of collisions, we need to consider the hypothesis of an impact. We 
will initially assume that the impact is perfectly elastic and direct. Let us consider 
the so-called threshold functions from the class {Ф}∆  [1], [4], [5]. We denote the 
threshold as a coordinate, after passing of which the impact interaction between two 
bodies or a body and a fixed limiter begins. The coordinate is counted along the axis 
of impact. If the impact is absolutely rigid and the deformation of colliding bodies 
can be neglected, then the duration of the impact is zero (momentary impact). 

In the event of momentary impact, a well-known Newtonian hypothesis is ap-
plied. The impact force, in this case, is written using a singular generalized function 
[1], [3], [4], [6]. However, if it is important to take into account either finite duration 
of impact force or energy losses during the interaction, one should take into account 
some theories of contact damping based, for example, on the material properties of 
the interacting bodies, and here it is necessary to abandon assumptions about the 
momentary nature of the interaction. 

First, let us consider an elastic impact. Generally speaking, the choice of  
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hypothesis of impact is a problem of designation of representation of the interac-
tion force. If an impact pair is one-sided and asymmetric as shown in Fig.1, then a 
responding threshold function  is also asymmetric. In fact, with 
the help of this function, the hypothesis of the impact in this pair can be determined. 
Here λ>>1 is a large parameter. The class of threshold functions for a given task is 
defined as follows (Fig. 1):

Фk∈{Ф}∆≡

≡{Фk )( ku ;Ф )( ku =ψk ku( -∆)η ku( -∆),∆≥0;ψk ku( -∆)≡0; ku ≥0}. (7)

Fig. 1. One-sided and asymmetric impact pair. Ф(u) – threshold function; 
u – local displacement.

 
It is assumed that ψk )( ku is continuously differentiable on the entire number 

axis, is convex and monotonically increases at x≥0; η(х) is a unit function.
 Following the first works, this approach was later developed in the book [4], 

while for systems with multiple impact pairs – in [6]. We fix the hypothesis of elastic 
interaction in each impact pair in form (3) and consider problem (1) [(2)] using the 
method of singularisation. 

4. THE REPRESENTATIONS OF PERIODIC MODES

 We consider a conservative analogue of the system of operator equations 
of motion (1). For all k and h we put Ph = Ф2k = ImL(un, uq;iω) =0 for all points in 
the system. Then the equation of motion of a conservative system with the operator 
L0(uk, un; p) for all k takes the form:

 
 (8)

In order to find periodic modes of motion in a conservative system, we use the 
integral equation of nonlinear oscillations, which in this case takes the form:
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  (9)

Works [1], [4] under similar assumptions show that when λ→∞, the solutions 
of equations similar to (8) transform into the solutions that meet the hypothesis of a 
momentary (in this case elastic) impact.

It is postulated that during the interaction in arbitrary impact pair one can 
neglect the effect of any forces applied in the point of the pair localization, as well 
as of any forces, including interaction forces applied at other points of the system. 

Let us use the method of singularisation that associates a non-momentary 
short interaction with a momentary impact, which takes place at a “shifted time”. In 
accordance with the method, we can approximate the forces from equation (8) as a 
singular generalized function. In particular, for T-periodic process under the assump-
tion of a single interaction for the period of movement in each impact pair: 

		 (10)

where tn is a fixed moment of the beginning of interaction in the n-th impact pair 

(phase); furthermore,  – half time of interaction in this pair de-

termined from the previously obtained  formulas [10], [6], [11] (see also below).
Representation (9)–(10) is caused by the fact that, first, we find the modes of 

motion namely of periodic type in a conservative system, and, secondly, the forces of 
interaction, as in the case of hypothesis of momentary impact, are given by equations 
of motion containing singular generalized functions. Such equations of motion are 
called singularized. In formula (10), Jλn is a momentum of interaction in each n-th 
impact pair:

 
 (11)

Now from (8) we obtain: 

  (12)

Representation (12) determines the solution using 2N parameters that are mo-
menta of interaction and the moments of the beginning of interaction. As in problems 
with momentary impact, we will call such a solution as 2N – parametric representa-
tion [6]. To find N unknown motion parameters, we use the terms of the beginning 
(or the end) of the interaction:

uk(tn) ≡ uk(tn+ tλn) = ∆k,      k = 1,…, N,                                                                        (13)

where ∆k – the values of the installation clearance (preload) and

 
	 	 (14)
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Relations (14) represent a system of N linear algebraic equations; the quanti-
ties τλn will be given below. Furthermore, N conditions for quantities tn can be ob-
tained from the additional relations resulted from (13) and concretized hypotheses 
of interaction. When addressing a conservative task, it is expedient to involve consi-
deration of symmetry. To obtain analytical design equations, it is advisable to remain 
within the analytical design formulas, assume for all k: ∆k ≡ ∆. On the use of numeri-
cal methods in such systems, see [12].

5. PERIODIC CLAPS IN THE ELASTIC CHAIN

By a clap we mean a driving mode, in which all or a part of massive bodies 
move in-phase and interact synchronously, for example, with limiters. With a clap, 
the vibro-impact process turns out to be most intensive [8]. We consider a model 
system with periodic structure (Fig. 2) [8]–[10]. Let us consider an elastic model. 
So as not to limit generality, we assume, for simplicity, m = c =1. In addition, it is 
natural to assume that all impact pairs act under the same hypothesis of interaction.

Fig. 2. Elastic model system with a periodic structure: m – local mass; ∆ – gap.

Under the assumption of a conservative system, the equations of motion for 
k=1,...,N and boundary conditions take the form

  (15)

where uk ≤ Δ and the clap, first, is assumed to be perfectly elastic (see below).

Let the system experience a clap in which all the particles take part. Then 
2N-parametric representation (12) and defining relations (13), (14), when k =1,...,N 
and tn=0, describe the clap, in which the beginning of the interaction is combined 
with the reference point of time. PFG system in this case is determined by a series 
(3), which, taking into account the representation of the operators of dynamic com-
pliance given in [4], can be written in final form on an interval of periodicity for 
t  [0,T]:

  (16)

further, natural frequencies of the linear chain

 
   (17)
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To obtain a finite representation for PFG χkN(t) outside the interval [0, T], we 
have to extend the function (16) periodically, using the condition χkn(t)=χkn(t+T) for 
all .

 Formulas (12) and (14) contain the quantity τλn which is a half of the interac-
tion time in the n-th impact pair.

Quantities τλnj, generally speaking, depend on the selected hypotheses and im-
pulse of interaction. Works [4]–[6] give the defining relations when choosing the 
hypothesis of interaction in form:

   (18)

In a common case of the hypothesis of linear dependence of the interaction 
force in the contact zone, i.e., when in (19) α=1, it is shown that at a fixed parameter 
λ and large momenta, the interaction time does not depend on the quantity of the 
latest and

  (19)

so, by choosing this hypothesis (18), in representation (12) for all n we can assume 
nλτ ≡τλ= const(Jλ). In this case m = 1.

While abandoning the assumption that the momenta of interaction are large, 
the interaction becomes dependent but this dependence is rather weak. When α>1 
(always nλτ ≡τλ≠const(Jλ)), for large momenta, this dependence is weak. Expres-
sions for the parameters of singularitarian equations and representations of move-
ment when α>1 are not given here, as they are not used further; see [4]–[6]. Note that 
the interaction time ~τλ can also be taken from experimental data.

6. EXAMPLE: A THREE-SPAN CHAIN

Consider a three-span chain (N=2). From (14) it follows:

	 	 (20)

As  and , then	J1= J2= J. For natural fre-

quencies we find from (17): Ω1 = 1, Ω2 = 3 .
The quantity of J uniquely depends on the total energy and appears to be the 

integral of motion. Another integral of motion is arbitrary moment of the interaction 
beginning [4]–[7].

Thus, from formula (14) we obtain an approximate representation of the solu-
tion (m=1):

  (21)

For example, from the first equation (18), considering (20) and (22), we find 
for large momenta of the interaction:
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   (22)

Given PFG properties [4] inside the interval of periodicity and using the Tay-
lor’s formula we write:  Then formula (23) can be 
represented as follows:

  (23)

where J0 is the momentum of the interaction at the synchronous clap under the as-
sumption that the hypothesis of momentary impact takes place (λ→∞). As 

  (24)

in an approximation of momentary impact:

   (25)

This formula exactly corresponds to the representation for the traditional “im-
pact oscillator” [4], [8]. From the condition j ≥ 0, it follows that the claps are pos-
sible in the frequency range 1< Ωλ ≤ ω < 2, further Ωλ= О(λ-1/2). Given the performed 
calculations, from (21) for laws of motion we obtain:

  (26)

i.e., the motion of each body is similar to the motion of singularitariased impact 
oscillator. For large N the picture becomes slightly more complicated, because the 
claps are accompanied by unequal momenta in impact pairs.

Representation (23) appears to be most accurate for large values of the mo-
mentum, i.e., it presumes being close to the frequency ω =2. 

It is shown that in the case of three bodies, the momentum of the impact of the 
central body is somewhat larger than the momenta of the lateral bodies. In the case 
of four bodies, two central and two lateral ones, the momenta are pairwise equal, and 
so on. The dependence of J (ω) is given in [4].

7. RESONANT MODES IN A THREE-SPAN CHAIN

Let us consider the equation of motion (15), assuming that at the interaction 
in the contact zone the bodies are subjected to equal dissipative forces g( ku ). Let us 
assume, in addition, that during the motion the interacting bodies are subjected to a 
force of viscous friction that depends on the absolute velocities of the bodies. Then, 
assuming the excited oscillation to be sinusoidal with frequency ω0, instead of (15) 
we obtain (in the case studied here N=2; u0=uN+1=0): 
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  (27)

Analysing the problem of finding of periodic modes of frequency ω0 in the 
system (27), we restrict ourselves to in-phase resonant modes, by which we imply 
the motions similar to the above-mentioned periodic modes of the correspondent 
conservative system. Let us assume that the levels of forces of excitation and dis-
sipation are low, so that at the resonant modes a mutual compensation of their work 
takes place. We see such understanding of resonance in [4]–[11], in particular.

 Let us consider the basic resonance modes. The frequencies ω0 (1<Ωλ≤ω0<2) 
lie in the interval of existence of simultaneous claps. Let us assume that all exter-
nal effects Pk(t)=ePkcos(ω0t+φk) are in-phase and of equal amplitudes, i.e., for all 
φk=φ; Pk=P.  Let us denote the modes of the conservative system (15) at ω=ω0 as u(0)

(ω0; t). Thus, in this case for all k we approximately assume:

  (28)

In the studied case N=2. Therefore, the impulses of the interaction for both 
impact pairs are equal; at the increasing number N the form of the equation given 
below appears to be more complicated.

The momentum of the interaction J(0)(ω0) is given using the second relation 
(23) with ω=ω0. The assumption made above about large momenta, leading to the 
simplification of the expression for the time of interaction, is consistent with the 
view of the resonant nature of the movement. 

Considering that the beginning of the interaction coincides with the beginning 
of the zero time, we assume that the phase φ is unknown. To find the phase, we write 
the equation of the balance of the works of non-conservative forces for motion 

u (0)(ω0; t) for the period T0:

 (29)

Strictly speaking, this ratio should be written for all coordinates uk. After 
transformation and computing of the number of quadrature, and being given the 
notation introduced in equation (28), we find:

  (30)

Here  is the energy loss during contact. It should be noted 
that as the force  acts in a short time  in order to account this force 
in the present approach, we should consider Ф2 ~1.   From equation (30) we define 
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two quantities of phase, one of which corresponds to the unstable mode as well as 
to the condition of the resonant mode existence: . Thus, we have:

The driving modes of the clap type were registered experimentally and studied 
quite extensively [4], [8]–[11].

8. CALCULATION OF PIPE VIBRO-IMPACT SYSTEM

  In heat exchanger pipes of power equipment, wear of tubes occurs due to 
continuous collisions with elements of spacer grids [13]. Periodic (in particular, sine 
wave) excitation of pipe vibration is conditioned by the unsteadiness of fluid flow, 
impinging on the pipe with velocity v. Let us consider the system presented in Fig. 
3. A simply supported rod simulating a pipe at oscillations in the plane (u, x) can in-
teract with n flat extended with limiters hj (j=1, 2, … , N). Parameters of the system 
are: rod length l >> hj; tensile force N0, the rigidity and linear mass of the rod K and 
ρ, respectively; adjusting clearances ∆j1,2; coordinates of the beginning and the end 
of the limiters xj and xj+hj, respectively. We consider a symmetric system and as-
sume: ∆j1=	∆j2≡∆. In order to take into account the finite duration of impact, let us 
assume that the interaction occurs in elastic-dissipative buffers equipped with a dry 
friction damper, i.e., the interaction corresponds to some hysteresis characteristic.  

Fig. 3. A simply supported rod simulating a pipe at oscillations in the plane (u, x).

Assuming that small dissipation is taken into account only at interaction and 
in the case the level of excitation is low, we write the equation of motion under the 
assumption that the rod is modelled by the Bernoulli beam

  (31)
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Let the boundary conditions correspond to simple support: u(0, t)= 
= u(l, t)= uxx(0, t)= uxx(l, t)=0 ; ε=O(λ-1/2) – a small parameter; quantities  

hj,∼ ε; b~1; T0 – a periodic external excitement.
 Let us suppose that the symmetric elastic force of the interaction is described 

by a function from the class of symmetric threshold functions:			Φ* ∈{Ф*}∆ - [4]. 
At first, let us assume that ε=β=0 and consider a conservative model. Let us 

assume that in the system free periodic fluctuations settle. Then, in definitory rela-
tions in Section 4 and below we turn to the density of the parameters and record the 
density of the elastic impact forces acting at x∈[xk, xk+hk] through the density of 
the impact momentum I(x), the phase distribution φ(x) and the distribution of the 
interaction time  [15]

	 (32)

where a double Dirac comb 2/Tδ is given in (6). Therefore, for the searched dis-
placement field an integral representation, analogous to the 2N-parametric represen-
tation (12) [7], holds:

  (33)

where  are the corresponding distributions in k-th impact ele-
ment. Symmetric PFG for the beam for 0≤t≤T/2 has the form [4], [5]:

 (34)

It also corresponds to the operator of dynamic compliance, which 
acts from point z to point x. The natural frequencies of the linear system are 

. Outside the interval [0, T/2], function (34) is 
extended on the whole axis in terms of frequency, based on conditions of symmetry.

 We will use the fact that the values hk are small and the dynamic processes 
in the impact element itself have little influence on the settling regime. Further-
more, the interaction time, obviously, in all impact elements can be taken constant: 

 and instead of (33) we can switch to 2n-parametric represen-
tation in the form

 
 (35)

where Jλk – the full momenta in the k-th element. 

Representation (35) also contains PFG ∗χ  being averaged over the small 
length of the impact element:
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Representation (35) is quite similar to (12). It implies that the mass of the 
reduced point contacting body , while the momenta Jk can be found from 
the system that follows from representation (35) and from the additional conditions, 
such as conditions of in-phase beginning of the interactions in all impact pairs of 
shock or other allowable additional conditions. For in-phase motions, we obtain 
(compare with (14))

	 	 (36) 

Now, assuming that during the implementation of resonant condition the mode 
of movement approximately corresponds to a motion in a conservative system, we 
find the condition of existence of resonant modes based on the principle of energy 
balance, whereby the works of non-conservative forces are balanced on periodic 
motion. 

In the conservative case, period T is a function of Jλn (n= 1,.., N). Further, 
when examining single-frequency resonant modes, we assume that the period of the 
exciting effect is among the possible periods of oscillation of a conservative system 
Т0=Т.

It should also be noted that in the practical use of singularized representations 
of type (35), we can use the estimated quantities obtained empirically and do not 
resort to calculations arising from the representation of power  , on the 
basis of which the values of kλτ  should be calculated. 

9. A THREE-SPAN TUBE

Let us consider a three-span tube (N=2) modelled through Bernoulli beams. 
Let us assume that h1=h2≡h; Δ1=Δ2≡Δ; x2=l-x1-h. Solving system (24) and 

denoting the frequency of free oscillations, from system of equations (35) we find: 
Jλ1 =Jλ2 ≡Jλ, where:

 (37)

moreover, this entry holds only when . Formula (37) together with 
(35) describes the claps with alternate interaction with the limiters in a conservative 
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system. Equating to zero brace (27), it is possible to find the frequency correspon-
ding to the infinite pulses, i.e., the frequencies of maximum vibration wear.

Fig. 4. Results of experimentally observed claps.  
Curves (a), (b) and (c) correspond to the cases  

x1=0.7, 0.85 and 1, respectively.

Let us perform calculations using the following geometrical and physical 
characteristics of round tube [15]: the outer and inner diameters D=16.10-3 and d= 
13.10-3 m, respectively, Young’s modulus Е=2.1011 N.м-2, whence it follows that 
K=1/64πΕ(D4-d4) = 363 N.м-2; tube length l=3 м, ρ =1.1 kG/м, N0=4.103Н, h=10-2м, 
λτ =5 10-4с. 

The frequency zones, where the modes of motion of clap type may exist for-
mally, are defined by the condition λJ ≥0. In order to find their boundaries, it is 
necessary to determine the frequencies at which λJ =0 и λJ →∞.  

Numerical calculations reveal that one such zone exists on the right of the first 
natural frequency of the linear system and occupies the interval [1.05 1Ω ,1.28 1Ω ]. 
The calculations took account of 22 terms of the series (37). Verification of conver-
gence was carried out numerically. Along with the specified zone, the others were 
identified, which turned out to be very narrow. Consideration of them in this case 
makes no practical sense. The observation made is in agreement with the experiment 
[10], [11].

 We restrict our consideration to experimentally observed claps – the modes, 
settling to the right of the first natural frequency of the linear system. This makes 
possible to obtain the dependences shown in Fig. 4 (curves (a), (b) and (c) corre-
spond to the cases x1=0.7, 0.85 and 1, respectively).

Let  in equation (31). We consider the 
forced resonant oscillations of the synchronous type, which can only be carried out 
in case the frequency 0ω  belongs to the interval of natural frequencies [1.05 1Ω , 
1.28 1Ω ]. We describe the movement through (35)–(37), (39), assuming, as noted 
above, that the studied regime is close to the regime of free vibrations u(0  and ω0=ω: 
u(x, t)≈u(0)( λJ ;x, t)+…, where the momentum λJ  is given by formula (37). 

Aligning the impact with the zero time, we assume that the phase φ is un-
known. To find it, we will use the principle of energy balance [see (31)], which in 
this case can be written for the half-period: 
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  (38)

where the left part of the equation contains the work of external source force on the 
motion u(0)(x, t) (T=T0); with the expression for energy loss in the interaction [see 
(32)] being in the right part. Equation (38), given the correlations, enables us to ob-
tain the condition of the existence of the resonant mode ( 1)sin( ≤+ λτϕ ): 

Here the incoming quantity   in accordance with the 
structure of the right side of (38) determines the energy loss during the interaction. 
We similarly analyse an asymmetric case as well as other types of movement settling 
in such systems.

An overview of the issues discussed here is available in [14], [15].

ACKNOWLEDGEMENTS 

 The authors are grateful to V.K Astashev and M. G. Zhizhchenko for valu-
able comments.

The present research has been supported by the Russian Science Foundation 
under grant No. 15-19-30026.

REFERENCES

1. Krupenin, V.L. (1983). Vibration of the systems with large threshold elastic forces. Me-
chanics of Solids, 4, 76–84. 

2. Astashev, V. K. (1965). Periodic Motion of an Elastic Rod with Limiters.  The Dynamics 
of Machines with Given the Elasticity and Masses Variability. Moscow: Nauka. 

3. Krupenin, V.L (1984). Calculation of mechanisms with threshold nonlinearities by a sin-
gularisation method. Mashinovedenie, 1, 6–12. (In Russian).

4. Babitsky, V.I., & Krupenin, V.L. (2001). Vibration of Strongly Nonlinear Discontinuous 
Systems. Berlin: Springer-Verlag. 

5. Krupenin, V.L (2014). Vibroimpulsive processes in the family of elastic systems with 
boundary elements interacting through non-Newtonian impacts. Journal of Machinery 
Manufacture and Reliability, 43(4). 261–269. DOI: 10.3103/S1052618814040098.

6. Krupenin, V.L (2010). The representation of periodic vibration–impact processes via 
pulse–phase motion parameters. Journal of Machinery Manufacture and Reliability,  
39(1), 28–34. DOI: 10.3103/S1052618810010048.



65

7. Krupenin, V.L. (2006). Calculation of vibration processes in two-dimensional lattices. 
Journal of Machinery Manufacture and Reliability, 4, 26–34.

8. Astashev, V.K., & Krupenin, V.L. (1998). Waves in distributed and discrete vibroimpact 
systems and in strongly non-linear mediums. Journal of Machinery Manufacture and 
Reliability, 5, 13–30. 

9. Krupenin, V.L. (1998). Vibro-impact processes in systems with large number impact 
pairs and distributed impact elements. In Dynamics of Vibro-Impact Systems. Euromech 
Colloquium 386, 15–18 September 1998. England: Loughborough University.

10. Babitsky, V.I., Krupenin, V.L., & Veprik, A.M. (1988). Vibroimpact phenomena due 
to limited oscillations of one-dimensional elasto-connected particles. Dokl. AN USSR 
(Proc. USSR Academy of Sciences), 3(3), 562–566.

11. Astashev, V.K., Krupenin, V.L., & Tresvyatskii, A.H. (1996). Experimental study of im-
pacts synchronization in distributed systems with a variable number of impacts. Journal 
of Machinery Manufacture and Reliability, 2, 96–101.

12. Viba, J., & Lavendelis, E. (2006). Algorithm of synthesis of strongly non-linear me-
chanical systems. In Industrial Engineering - Innovation as Competitive Edge for SME, 
22 April 2006 (pp. 95–98). Tallinn, Estonia.

13. Krupenin, V.L. (2011). Representation of vibro-impact processes by physical parameters 
defining the movement “momentum – phase”, Part II: Calculation of beam and tubular 
structures. Bulletin of Scientific and Technological Development, 10(50), 25–30.

14. Ibrahim, R.A. (2009). Vibro-Impact Dynamics. Berlin: Springer-Verlag.
15.  Luo, A.C.J., & Guo, Y. (2013). Vibro-Impact Dynamics. Chichester, West Sussex, UK: 

A John Wiley & Sons, Ltd.

NE ŅŪTONA VIBROTRIECIENA PROCESU ANALĪZE CAURUĻU 
KONSTRUKCIJĀS UN PARALĒLU TRIECIENA PĀRU SISTĒMĀS

V. L. Krupenin, J. A. Vība

K o p s a v i l k u m s

Šajā rakstā ir izpētīta iespēja radīt jaunu teoriju tādu vibro trieciena sistēmu 
analīzē, kurās ir liels skaits sadursmju pāru.

Izmantotā metode (ar singularitāti) atļauj atteikties no idejas par īslaicīgu ob-
jektu sadursmi un izvērtēt tam nolūkam jaunu mijiedarbības hipotēzi, kas ir tuvāka 
īstenībai, nekā Ņūtona metode. Rakstā izmantotās funkcijas apraksta sinhronas sadu-
rsmes kustības “plaukšķināšanas” veidā sistēmās ar paralēliem trieciena pāriem, kā 
arī caurules sadursmēs ar starpposmu balstiem. Šādi sadursmju režīmi no vibrācijām 
ir visbīstamākie konstrukciju elementos to nodilumu ziņā. Doti aprēķināšanas 
piemēri no reālajām konstrukcijām.

23.08.2016.



66

LATVIAN JOURNAL OF PHYSICS AND TECHNICAL SCIENCES
2017, N 1

DOI: 10.1515/lpts-2017-0007

NANOINDENTATION RESPONSE ANALYSIS OF THIN FILM 
SUBSTRATES-I: STRAIN GRADIENT-DIVERGENCE APPROACH

U. Kanders1, K. Kanders2

1Institute of Mechanical Engineering,
Riga Technical University,

6 Ezermalas Str., LV-1006, Riga, LATVIA
uldis.kanders@gmail.com

2Institute of Neuroinformatics, University & ETH of Zurich
190 Winterthurerstr., CH-8057 Zurich, SWITZERLAND

kkanders@ini.phys.ethz.ch

Nanoindentation is a widely-used method for sensitive exploration of 
the mechanical properties of micromechanical systems. We derive a simple 
empirical analysis technique to extract stress-strain field (SSF) gradient and di-
vergence representations from nanoindentation data sets. Using this approach, 
local SSF gradients and structural heterogeneities can be discovered to obtain 
more detail about the sample’s microstructure, thus enhancing the analytic ca-
pacity of the nanoindentation technique. We demonstrate the application of the 
SSF gradient-divergence analysis approach to nanoindentation measurements 
of bulk silicon.

Keywords: elastic-plastic deformation, nanoindentation, strain gradi-
ent plasticity, stress-strain field, true hardness, true elastic modulus.

1. INTRODUCTION

Nanoindentation is a powerful experimental technique to characterise the me-
chanical properties of small volume samples, such as thin films and coatings, subsur-
face layers of bulk solids or biological materials such as bone, tooth enamel and even 
viruses [1]–[5]. The measurement usually has high variability at shallow penetra-
tion depths. Consequently, the material hardness and elastic modulus are commonly 
calculated from data averaged over around ten or more single indentation tests at 
depths exceeding at least 200–300 nm. Preferably the measured variable has then 
approached some stable steady state value that corresponds to the so-called mate-
rial bulk property, often measured by the micro- or macro-indentation techniques. 
However, there are also situations when a steady state nanoindentation response at 
increasing penetration depth cannot be generally achieved or expected. For example, 
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it is not always possible to observe a stationary plateau in the nanoindentation mea-
surement of hardness or elastic modulus in thin film samples when a strong reverse 
indentation size effect is present [6], [7] or when the sample substrate is influen-
cing the experiment [8], [9]. Similarly, the subsurface layer of bulk solids is usually 
highly heterogeneous, which might preclude the apparent hardness and/or elastic 
modulus to approach a stationary value [3]. 

In this study, we derived a simple empirical approach to extract the local stress-
strain field (SSF) gradient and divergence representations from the nanoindentation 
experiment dataset. The strain-gradient representations, in principle, facilitate the 
discovery of weak structural heterogeneities, indicating, for example, interfaces be-
tween mechanically distinct local microzones within the near surface region or work 
hardening and softening processes induced underneath the indenter. Furthermore, 
the SSF gradient representations allow defining an analytic criterion for determining 
the values of true hardness and true elastic modulus. We show the strain gradient-
divergence analysis results of the nanoindentation response of a bulk solid silicon 
sample. Further application to bulk samples of various thin film substrates, such as 
different types of bearing and tooling steels as well as fused silica, is presented in the 
second part of the present research [10]. 

2. METHODS

2.1. Derivation of the Stress-Strain Field Gradient and Divergence Representations

In the nanoindentation experiment, each new indentation increment causes a 
mechanical shock that generates an elastic-plastic deformation wave, which propa-
gates throughout the sample and fades when the system is relaxed. As a result, a 
stress-strain tensor field of restoring forces is induced periodically in the sample. In 
this section, we propose that useful information about the SSF can be extracted from 
the nanoindentation measurement, namely the representations of SSF gradient and 
divergence. The analysis technique derived below builds upon the strain gradient 
plasticity theory where the stress-strain relationship at any given point is considered 
in the context of deformation events in the long range vicinity of that point [11], [12].

In the expanding cavity model, a heavily deformed hydrostatic core encases 
the indenter tip as deep and wide as the contact radius, ac. The hydrostatic core is 
surrounded by superimposed hemispherical plastic and elastic deformation zones 
[1], [13]. The contact radius differs from penetration depth, h, by a constant factor, 
e.g., about 3 times (ac ≈ 2.79h) in the case of the sharp Berkovich indenter. However, 
when using logarithmic coordinates instead of linear ones for the penetration depth, 
the choice between log(h) or log(ac) only shifts the function plot along h-axis and 
does not change its form. This reason and the fact that the peak pressure between 
the core and the plastic deformation zone is quite diffuse allows us to simplify the 
analysis of the SSF and use h as an independent variable instead of ac. The hydro-
static core is considered an incompressible, homogeneous extension of the indenter 
tip that transduces the applied test load, P(h), into the SSF. The indented system 
resists to further elastic-plastic deformation and compensates the applied test load 
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according to Newton’s third law. There is no such probe to measure directly the SSF 
components at each point R(x,y,z ≥ h) throughout the sample during a nanoindenta-
tion experiment, but one can measure the integrated echo of the SSF on the interface 
between the core and the plastic deformation zone R(z = h) as the restoring force 
F(h)= -P(h), or the total stress σt(h) = F(h)/(2πh2). The force field in the X-Y plane 
at each z=h here and thereafter is assumed to be central symmetric. Therefore, all 
the restoring force components Fxy in the infinite X-Y plane compensate each other 
resulting in zero value. Thus, the only Fz=F(h) component resists to loading force 
P(h) exerted by the indenter. Note that total stress σt(h) can be interpreted as the 
potential deformation energy density function of SSF. This allows us to introduce a 
generalized quantity, the SSF potential function U(h) that is proportionally related 
to the stored potential deformation energy. Application of the nabla operator to U(h) 
creates a gradient field ∇U(h). Strong gradient of the SSF at a point R(x,y,z = h) is 
evidence that the indented system is highly heterogeneous in a short-range vicinity 
of this point, whereas a weak or zero gradient is a good sign that the system is ho-
mogeneous even in a long-range vicinity. We define the normalized gradient of the 
generalized potential function U(h) as

  (1)

The gradient U′(h) is a very simplified force vector field (here and thereafter a 
vector sign is omitted due to simplicity), which represents to some extent the much 
more complex actual stress-strain tensor field beneath the loaded indenter. In turn, 
we define the SSF divergence as the divergence of the U′(h) vector field by

  (2)

Divergence is closely related to stress-strain field flux density – the amount 
of stress-strain flux entering or leaving a given point R(x,y,z = h). U′′(h) tells us at 
which h values the interface between the hydrostatic core and the plastic deforma-
tion zone acts as a stress-strain flux source or sink. It is easy to see that positive 
divergence means that the interface acts as a stress-strain flux source resulting in 
strain hardening effect, whereas negative divergence means that the interface acts as 
a stress-strain flux sink resulting in strain softening effect.

The total stress, σt(h), can be broken down into elastic, σe(h), and plastic, 
σp(h), components, and each of these can be further separated into normal and shear 
stresses. Therefore, we can describe the total stress or the total potential strain ene-
rgy density of the SSF as a superposition of the elastic normal, σen(h), the elastic 
shear, σeτ(h), the plastic normal, σpn(h), the plastic shear, σpτ(h), stress components. It 
remains to be shown how to link these stress components to the appropriate experi-
mental datasets obtained during a nanoindentation experiment. Knowing the area of 
the interface between the hydrostatic core and the plastic deformation zone, one can 
calculate the average total stress:

  (3)
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We assume that the elastic and plastic stress fields are superimposed and have 
a joint interface with the core [14]. The total elastic stress, σe(h), can be evaluated 
using the harmonic contact stiffness, S(h), experimental dataset:

  
(4)

Elastic normal stress component is represented by the well-known relation-
ship containing elastic modulus, E(h): σen(h) = E(h)εen, where εen is the elastic normal 
strain. In the nanoindentation experiment, the increment 𝛿h is changed progressively 
so that the incremental strain, εen = 𝛿h/h, is usually kept almost constant. Step by step 
indentation with a constant incremental strain has the advantage of logarithmically 
scaling the data density so that there are equal amounts of data at low and high loads. 
Therefore, we can treat the incremental strain as a constant variable and simplify to

  (5)

The total plastic stress component can be represented by hardness, H(h):

  (6)

Using the definition of SSF gradient from Eq. 1, we derived the specialised 
elastic-plastic strain gradients from Eqs. 3–6:

  (7)

where P′(h) represents total strain gradient, S′(h) represents elastic total strain gradi-
ent, E′(h) represents elastic normal strain gradient, and H′(h) represents plastic total 
strain gradient induced beneath the indenter. In the rest of the text, we will refer to 
these functions as the corresponding strain gradients instead of strain gradient rep-
resentations because they differ by a constant factor only. In an analogous way, we 
also derive the specialised total, P′′(h), elastic total, S′′(h), elastic normal, E′′(h), and 
plastic total, H′′(h) divergences using the definition in Eq. 2:

 

  (8)

∝
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In practice, we estimated the gradient and divergence representations by cal-
culating the analytic derivative of a polynomial fit to the measurement data and gra-
dient representation, respectively. The fit was applied to a sliding window of 2m+1 
points. Results with 1st (i.e., linear) and 2nd order fits were already found to be 
satisfactory, with m = 8, 9 or 10 providing the optimal window lengths indicated 
by robust accuracy of the fits (generally, R-squared value about 0.9 at shallow and 
greater than 0.99 at deeper indenter penetration depths). The differences between the 
linear and 2nd order fit were less than 2 % of peak amplitude at very shallow penetra-
tion depths (h < 32 nm). In the present paper, we present the results obtained using a 
linear fit with m=8. The exact length of the window did not affect the results strongly.

2.2 Experimental Details

The instrumented depth sensing nanoindentation experiments were performed 
on silicon substrates Si(100). The sample (20x20x0.381 mm3) was cut off from sili-
con wafer. Surface roughness parameter RMS of the sample was lower than 1 nm.

G200 Nano Indenter (Agilent, USA) with a sharp Berkovich diamond inden-
ter (tip radius < 20 nm) was used. Measurements were made in the continuous stiff-
ness measurement (CSM) mode [15] and in the BASIC mode at different values of 
the maximum load. The load capability of the Nano Indenter G200 can reach up to 
600 mN with the standard option. The hardness and elastic modulus of the samples 
were calculated by the MTS TestWorks 4 software using Oliver-Pharr method [16]. 

3. RESULTS AND DISCUSSION

We performed nanoindentation experiments on different bulk samples often 
used as substrates for thin film coatings: faceted and polished tooling and bear-
ing steel samples, glass and fused silica slides, and silicon wafers. Here, we give a 
brief demonstration of the indentation response analysis from the Si(100). Perfectly 
smooth Si(100) sample was chosen as a material with single crystal structure and 
well-known mechanical properties to validate the strain gradient-divergence ap-
proach developed above. Further results on the steel samples and fused silica, as 
well as a quantitative treatment of the oscillations are provided in the second part of 
the present research [10].

3.1 SSF Gradient and Divergence in Bulk Silicon

Traditionally in the nanoindentation analysis, the measurements of several 
single indentation tests are averaged out to estimate the mechanical properties of the 
material. Usually this is performed automatically by the software of the nanoinden-
tation apparatus. However, at shallow penetration depths the averaged estimations 
commonly have a rather high variability (standard deviation), thus precluding the 
observations of specific peculiarities of the sample subsurface layer. Therefore, the 
analysis of single indentation test datasets is necessary before any automatic data ave-
raging procedure. We carried out 8 single indentation tests on the crystalline Si(100) 
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sample, which we first analysed individually and then we applied the analysis to 
the averaged measurements as well (we observed that as little as 6 tests had already 
been sufficient to reliably calculate average material mechanical properties such as 
hardness, elastic modulus, storage modulus, loss modulus and complex modulus 
among others). Figure 1(a) shows a typical example of a single measurement in the 
CSM mode when hardness, H, and elastic modulus, E, were measured as a function 
of indentation depth, h, continuously along the characteristic of load-displacement, 
P-h. The relatively smooth P-h curve is contrasted with the corresponding total SSF 
gradient, P′-h, curve, which was derived using the approach introduced in Methods 
Section. The analysis revealed quasi-regular oscillations of the SSF gradient that 
could be observed already starting from 16 nm penetration depth. Initial fluctuations 
can also be observed for h < 16 nm, which were, however, interrupted by nanoinden-
tation induced phase transformation [17], [18] when the indenter reached penetration 
depths of 13–15 nm. This clearly visible breach in the P′-h curve oscillations would 
be difficult to discover in the load-displacement curve. Phase transition at 13-15 
nm in silicon is most likely related to structural changes from the cubic diamond 
structure of silicon (Si-I) to its amorphous metallic phase (Si-II) under small indenta-
tion load. This (Si-I)|(Si-II) phase transformation manifested by the P′-h curves was 
present in all the single indentation tests of silicon that we performed. The oscilla-
tions of SSF divergence, P′′-h, also convincingly revealed this (Si-I)|(Si-II) phase 
transformation (Fig. 1(b)). The non-monotonic behaviour due to complicated plastic 
deformation events underneath the indenter is also manifested by distinct superstruc-
ture of the moving average trendline of the P′-h curve (not shown). Depending on 
maximum load and loading-unloading rate parameters one can observe complicated 
structural changes in cubic Si(100) [17], [18], beginning with the single diamond 
crystal structure (Si-I), amorphous metallic phase (Si-II), polycrystalline phase (Si-
III) and ending with a mixed structure of nanocrystalline phase (Si-XII) encaged by 
amorphous a-Si phase.

The moving average trendline of the SSF gradient, P′-h, curve allows dividing 
the displacement h-axis into several intervals such as 2–13 nm, 16–38 nm, 40–58 
nm, 60–86 nm, 116–288 nm and 500–900 nm, which could be attributed to some 
extent to the above-mentioned phase transformations. Undoubtedly, further struc-
ture and chemical bonding sensitive investigations such as selected area diffraction 
(SAD), Raman spectroscopy and XPS among others are needed to understand the 
nanoindentation behaviour of Si, including structural inhomogeneities in the subsur-
face layer.

Oscillations of the total SSF divergence, P′′-h, total plastic SSF divergence, 
H′′-h, and elastic normal SSF divergence, E′′-h, shown in Fig. 1(b-d) highlight the 
fine structure of the plastic deformation mechanisms occurring underneath the load-
ed indenter during a single indentation test. The P′′-h, H′′-h and E′′-h curves for all 
tests demonstrated quasi-regular oscillations around the abscissa where at each inter-
section point the divergence amplitude changed its sign. Positive amplitude means 
that the indented sample underneath the indenter within the interface between the 
encasing hydrostatic core and plastic zone undergoes a strain (work) hardening plas-
tic deformation whereas negative divergence amplitude indicates different plastic 
deformation leading to strain (work) softening effects. Divergence oscillation am-
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plitude quickly decreased as the penetration depth increased, indicating that mate-
rial bulk properties began to dominate over the subsurface layer influence at larger 
penetration depths. The small amplitude of P′′-h curve at h > 250 nm manifested that 
the steady state region was reached where indents became self-similar when indenter 
load was increasing. Meanwhile, the hardness-displacement, H-h, curve reached the 
saturation plateau but the plastic SSF gradient, H′-h, had very low-amplitude oscilla-
tions around zero (not shown). The oscillations of H′′-h and E′′-h curves were out of 
phase (Fig. 1(c)), which was in good agreement with the general nature of the elas-
tic-plastic deformation events. Note that any discrete plastic deformation event has 
its own early elastic phase manifested here by the positive elastic SSF divergence 
(E′′(h) > 0). Elastic phase can happen only up to the point where the elastic limit is 
not yet exceeded. After the local yield point is reached, the elastic strain triggers the 
corresponding plastic one.

Fig. 1. Total stress-strain field gradient and divergence oscillations of the single indentation test in 
the Si(100) sample: (a) A typical example of the load-displacement, P-h, curve (black) and the total 
SSF gradient, P′-h, curve (red) obtained from a single indentation test in the CSM mode; (b) Total 
SSF divergence oscillations obtained from the same measurement; (c) Plastic normal (H′′-h curve, 
orange) and elastic normal (E′′-h curve, blue) SSF divergence oscillations calculated from the same 

measurement; (d) Close-up of the total SSF divergence low amplitude oscillations from (b) at greater 
penetration depths.

3.2 SSF Gradient-Divergence Analysis of the Averaged Dataset

The SSF gradients calculated from the averaged load-displacement, P-h, stiff-
ness-displacement, S-h, hardness-displacement, H-h, and elastic modulus-displace-
ment, E-h, curves (Fig. 2) were much smoother than the ones obtained from indi-
vidual single measurements; the oscillations were much less salient. Similarly, the 
oscillations of the averaged SSF divergence could still be detected albeit they were 
markedly smaller in amplitude compared to the single indentation tests (not shown; 
see also Ref. 10). The smoothening occurred due to the averaging because the oscil-
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lations of the single indentation tests were stochastically shifted in phase (along the 
h-axis) with respect to each other transforming the averaged SSF gradients into more 
quiet peak-valley system. However, it was still possible to detect less subtle fluctua-
tions in the SSF gradients despite the averaging: each of the averaged SSF gradient 
curves demonstrated a sequence of peaks-valleys (see Fig. 2). The system of peaks-
valleys in the averaged SSF gradient curves could be likely attributed to interfaces 
between mechanically distinct local microzones within the sample.

3.3 Calculation of True Hardness and True Elastic Modulus

One of the first questions that arise during the nanoindentation experiment is 
how to extract true hardness and true elastic modulus from raw indentation data such 
as the P-h and S-h curves or even from H-h and E-h curves calculated by Oliver-
Pharr method [15] when they all are functions of the displacement within the whole 
displacement range. In this context, the averaged SSF gradients H′-h and E′-h play 
a significant role. In accordance with strain gradient plasticity concept, one should 
search for some special Ht- and Et-points on the H-h and E-h curves where the corre-
sponding strain gradients H′-h and E′-h intersect the displacement h-axis or approach 
it as close as possible, i.e., to find the deepest valley on the H′-h and E′-h curves if 
such intersection ht-points do not exist. In the absence of the SSF gradients (i.e., 
zero gradient) H-h and E-h curves in the vicinity of these ht-points may become state 
functions where apparent hardness, H, or elastic modulus, E, does not differ from the 
true hardness, Ht, or true elastic modulus, Et. Following this approach, the true values 
of the hardness and elastic modulus could be read out from Fig. 2(c,d) as Ht = 12.3 
GPa and Et = 221.5 GPa, respectively.

Fig. 2. Primary indentation characteristics and their corresponding SSF gradients calculated from the 
averaged datasets of the Si(100) sample (n=8 tests): (a) Load-displacement, P-h, curve and total SSF 

gradient-displacement, P′-h, curve; (b) Stiffness-displacement, S-h, and total elastic SSF gradient-
displacement, S′-h, curve; (c) Hardness-displacement, H-h, and total plastic SSF gradient- 

displacement, H′-h, curve; (d) Elastic modulus-displacement, E-h, curve and elastic normal SSF 
gradient-displacement, E′-h, curve.
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Some weak SSF gradient fluctuations up and down the h-axis may occur when 
the indentation steady state is reached. In such a case, several hti-points may appear 
instead of one critical ht-point. If the hti-points are closely placed to each other and 
corresponding values of the primary function (e.g., Hti or Eti ) differ only slightly 
then the mean value of them would be the most reasonable choice for the true value. 
Otherwise, when the hti-points are distantly placed then one should seek the global 
maximum on the indentation primary function to determine the corresponding true 
value.

4. CONCLUSIONS

In this study, a simple approach to assess stress-strain field (SSF) gradient and 
divergence from nanoindentation measurement data has been derived and applied in 
the analysis of the nanoindentation response of a bulk silicon sample. The total, P′-
h, total elastic, S′-h, total plastic, H′-h, and elastic normal, E′-h, SSF gradients have 
been revealed as dimensionless functions by the SSF gradient-divergence approach 
using specific derivatives calculated of the empirically obtained primary indentation 
functions (load-displacement, P-h, stiffness-displacement, S-h, hardness-displace-
ment, H-h, and elastic modulus-displacement, E-h, curves, respectively). In contrast 
to their corresponding primary functions, the SSF gradients did not contain slowly 
changing trends determined to some extent by indenter geometry and indentation 
mode. Instead, relatively weak undulations and peculiarities of the SSF caused by 
sample heterogeneities, interfaces between mechanically different mediums, phase 
transformations or other plastic deformation effects could now be observed more 
clearly and analysed. The traditionally measured averaged datasets describe the in-
dentation response in a somewhat integrated way where the fine undulations can be 
to a large extent concealed. Therefore, it was important to analyse single indentation 
test datasets prior to any smoothening and averaging. Further applications of the 
strain gradient-divergence analysis approach to several steel, glass and fused silica 
samples, which are chosen as representative materials of bulk solids commonly used 
as substrates for thin film deposition, are demonstrated in the second part of the  
present research [10].

The stress-strain gradient approach is not limited to the investigation of bulk 
solids. The most promising application, in fact, is related to the studies of layered 
thin film coating structures, where the assessment of the mechanical properties is 
especially challenging [7], [19], [20]. The influences of the substrate surface are 
present throughout the thin film sample, which can result in indentation size effects 
that preclude a precise estimation of the true hardness and true elastic modulus. 
Furthermore, the thin films can be highly heterogeneous with gradients of chan- 
ging chemical composition throughout the sample. In such cases, the strain gradient 
representations can be used to define an analytic criterion for determining the inden-
tation depth at which the apparent values are the closest to the true values: the true 
mechanical properties should be read out in the most homogeneous regions within 
the sample, i.e., at the penetration depths where the strain gradient is the closest to 
zero. Stress-strain gradient representations can also inform about the microstructure 
of the thin film by revealing a pattern of strain gradient peaks and valleys which 
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could indicate interfaces between sub-layers of the thin film and relative “in-bulk” 
zones within the layered thin film structure, respectively.
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VAKUUMA PĀRKLĀJUMU SUBSTRĀTU NANOINDENTĒŠANAS DATU 
ANALĪZE-I: DEFORMĀCIJAS GRADIENTA-DIVERĢENCES METODE

U. Kanders, K. Kanders

K o p s a v i l k u m s

Nanoindentēšanas metode tiek plaši izmantota mikromehānisku sistēmu 
mehānisko īpašību pētīšanai, kā, piem., maza izmēra objektu vai maza tilpuma 
materiālu cietība, Junga modulis, elastības limits vai slodžu izturība, u.c. parametri. 
Šajā pētījumā ir izstrādāta vienkārša empīriska metode, kā no parauga slogošanas-
atslogošanas datiem nanoindentēšanas eksperimentā var izskaitļot indentēšanas 
radīto deformācijas gradientu un diverģenci. Šādai pieejai ir neaizvietojama prak-
tiska nozīme, kas ļauj daudz drošāk analizēt materiālu cietības un Junga moduļa 
raksturlīknes atkarībā no indentora iespiešanās dziļuma. Deformācijas gradients un 
diverģence skaidri norāda uz deformācijas procesu īpatnībām nano-izmēra tilpu-
mos, kas saistīti ar materiālu lokāliem uzkaldināšanas un atkaldināšanas procesiem, 
piem., masīvu materiālu pievirsmas slānī. Šajā rakstā gradienta-diverģences analīzes 
metode tika izmantota, lai analizētu masīvu silikona paraugu. Šī pētījuma otrajā daļā 
(U. Kanders, K. Kanders: Vakuuma pārklājumu substrātu nanoindentēšanas datu 
analīze-II: Uzkaldināšanas-atkaldināšanas oscilācijas pievirsmas slānī.) šī metode 
tika izmantota, lai analizētu dažādu tēraudu, stikla un kausēta kvarca masīvu parau-
gu pievirsmas deformācijas procesus.
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